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Abstract. We study the measure-valued random process associated with a mass distri-
bution carried by a Brownian flow on R?. We give conditions under which the integral of
a test function with respect to this random measure forms a well-defined random process.
For sufficiently smooth test functions, we show that this process is a semimartingale and
compute its quadratic variation. We illustrate with detailed computations for the center of
mass and dispersion matrix of the mass distribution.
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1 Introduction

Brownian motion and other diffusion processes have long provided models for the random
motion of one or several particles in physical space. Since roughly 1980, Brownian flows
have been developed as one logical extension of these models. A Brownian flow on R? is
a collection F}, ¢t > 0, of random homeomorphisms on R? satisfying certain continuity and
independence properties (see the end of this section). The map F; describes the motion of
particles from time 0 to time t. The joint trajectory of any n particles, namely the process

(].].) (Ft.'El,...,Ft.’I}n), i Z O,

is a diffusion on R¥*" (the initial locations z1,...,, are fixed). For specific choices of F,
the one-particle motion F;z, ¢t > 0, will be Brownian motion.

What sets Brownian flows apart from the earlier models is that they model the simul-
taneous motion of all particles in the space. Furthermore, the map F; is one to one and
onto, and the mapping (z,t) — Fiz is continuous. This makes Brownian flows suitable for
modeling fluid motion rather than, for example, molecular diffusion. They retain the tem-
poral independence features of diffusions, but in order to maintain spatial continuity, they
require that the particle motions be correlated in certain ways depending on their relative
locations.

One way to understand the effect of a Brownian flow is to measure the size of the image
Fy(A) of a set A C R? as t — oo. Following KUNITA (1990), Section 4.3, we may fix a
measure IIy on R% and define a random measure II; by

(1.2) I (A) = o (F;(A)), Borel A C R?

The case of an isotropic flow is instructive. Let IIy be the Lebesgue measure, so that II;(A)
corresponds to the volume of F}(A). Then, unless the flow preserves Lebesgue measure (i.e.,
IT; = Iy almost surely), II; converges vaguely to a random measure which is singular with
respect to the Lebesgue measure. Moreover, if all d Lyapunov exponents of the flow are
negative, then the limiting measure is almost surely the zero measure. In this case, the flow
compresses sets of finite Lebesgue measure onto sets of zero measure as t — co. See LE JAN
(1985), DARLING and LE JAN (1988), and the review article DARLING (1991) for details.

In this paper, we are interested in the transport and mixing properties of Brownian
flows. To this end, we fix a finite Borel measure My on R¢ and examine the image measure
M; given by
(1.3) M;(A) = My(F7'(A)) Borel A C R¢

or, more briefly, My = M, OFt_l. We keep in mind the following interpretation: the measure
M, represents the initial location of a mass distribution (discrete, continuous, or otherwise)



and the random variable M;(A) is the amount of mass in the set A at time ¢. We would
like to understand how the flow moves this mass around in R?.
We often understand a random measure M; through integrals of the form

Mif = [ Mi(ds) (@)

where the test function f is a measurable map from R? to R. This paper gives some general
results concerning the random variable M;f and the process M;f, t > 0. We also give
computations for some particularly interesting choices of the function f.

If f is bounded, then M, f is well defined and finite. This may not be the case, however,
if f is unbounded. In Section 2 we give conditions on My and f which guarantee that not
only M;f but the whole process M;f, t > 0, is well defined and finite. In Section 3 we
show that if f is sufficiently smooth, then the process M, f, ¢ > 0, is a semimartingale, and
we compute the joint quadratic variation of M, f, t > 0, and Mg, ¢ > 0. This is the main
result of the paper.

Finally, in Section 4 we apply these results to the centroid and dispersion processes,
defined by

(1.5) D, = / M, (dz)(z — C)(z — C)T

(Cy is vector-valued and Dy is matrix-valued.) The centroid is the center of mass of M,
while the dispersion matrix measures how spread out M; is relative to its center of mass.
The original motivation for this work comes from statistical fluid mechanics, where a
longstanding problem is to characterize the transport and mixing properties of a given
turbulent fluid flow. Brownian flows have been proposed (ZIRBEL and GINLAR (1997)) as
a model for such physical flows because they mimic their spatial structure but have much
simpler temporal dependences. The present paper provides computational results which
facilitate working with the mass location process M;, t > 0. Using these results, ZIRBEL
and QINLAR (1996) and ZIRBEL (1997) investigate the long-time behavior of the centroid

and dispersion processes in isotropic Brownian flows.

Brownian flows

We conclude this section with a list of facts about Brownian flows which will be needed
in this article. KUNITA (1990) is a complete reference for Brownian flows; a shorter, heuristic
introduction may be found in ZIRBEL and GINLAR (1997).



Let U be a Gaussian random vector field on R% x R such that
EU(z,t) = u(x)t

Cov(U'(z,5), U’ (y,1)) = a¥(,y) min(s, )

for some functions u and a, called the drift and covariance, respectively.
We assume throughout this paper that for some finite constant R, u and a satisfy

(1.6) lu(z, )] < R(1+|z])

(1.7) u(z,t) —u(y,t)] < Rlz—y|

(1.8) la¥(z,y)] < RO+ z])(1 +y))

(1.9) 0¥ (z,y) — a (2, y) — a¥(z,y') + a¥(¢',3/)| < Rz — 2lly — /|

for all z,2',y,y in R and t in Ry. Then U is continuous and by Theorem 4.2.5 of KUNITA
(1990), there exists a flow F = {F;; 0 < t < oo} of homeomorphisms satisfying the

stochastic equation:
t

(1.10) Fir=x +/ U(Fszx,ds)
0

for all z in R? and ¢ in R, simultaneously.

The mapping (z,t) — Fyz is continuous. The map from time s to a later time ¢, namely
Fyo F 1, is independent of the history to time s, namely, the o-algebra generated by F, for
r<s.

The one-point motion under F, namely the process Fyz, ¢t > 0, for fixed z in R?, is a
diffusion on R¢ with generator A given by

d d
(1.11) Af(z) =1 Z a' (z,2)0;0; f () + Zu’(m)azf(a:)
ij=1 i=1
In fact, the n-point motion (Fix1,..., Fiz,), t > 0, for fixed n in N and z1,...,z, in R? is
a diffusion on R?™. The joint quadratic variation between two components is given by the
formula ¢
(1.12) (Flz, Fly); = /Ods a"(Fyz, Fsy)

See KUNITA (1990), Theorem 3.2.4.



2 Regularity of the process M;f, t >0
Let f : R?” — R be Borel measurable. The definition (1.3) of M; immediately yields
1) My = [ Mifda)f(w) = [ Molda)f(Fia).

For bounded f, the integral M;f will always exist and be finite. This is not necessarily the
case for unbounded f. We show in this section that the process M, f, t > 0, is well defined
if My and f satisfy the following condition:

(2.2) Condition. For some p > 2 and C < oo, we have
/Mo(dx)|w\p < oo
|f(z)| < C(1+ |=|)P, z € RY.

If My and f satisfy this condition, it is not difficult to show that for each fixed ¢ > 0, the
random variable My|f| is finite almost surely. Indeed, KUNITA (1990), Lemma 4.5.3 shows
that for each p > 0, there exists a constant K, such that

(23) E(L+ [Fiaf)” < e5(1 + faf)?
for all z in R¢ and ¢ > 0. So,
EM/f| = B [ Mo(do)|f(Fis)|

< /Mo(dx)IEC(l + [ Fya))?

IA

Ceoreta2/? [ M(do)(1 + o),

which is finite by Condition (2.2). Thus, M;|f| is finite almost surely, and so M, f is well
defined and finite almost surely.

One can do this for all rational ¢ simultaneously. The problem, however, is showing
that My f is well defined for all ¢ > 0 simultaneously. What we need is an LP bound on the
supremum of (1 + |Fyz|?)P. The following lemma does this.

(2.4) Lemma. Let p > 1. Then there exist finite constants C; and C2 (depending on p)
such that, for all T > 0 and « in R?,

Esup(l + |Fyz|?)P < C1e®*T(1 + |z|?)P.
t<T



Proof: Let g(z) =1+ |z|?. By Lemma 4.5.2 of KUNITA (1990), the process

t
L = g(Fyx) — g(z) — /0 ds Ag(Fyz),  t>0

is a mean-zero martingale. Also, from the proof of Lemma 4.5.3 of the same book, we have
|Ag(z)| < Kig(z) for all z in R?.
We proceed to bound IE sup, <y g(Fix)P as follows:

t
Esupg(Fiz)? = IEsup(L: + g(z) +/ds Ag(Fyz))P
t<T t<T 0

t
< 3 Efsup L + g(o)? + Bsup| [ ds Ag(Fua)l)
t<T t<T Jo
Consider the first term on the right side. By Doob’s inequality, we have
Esup |Li|? < Cssup E[Ly|”
t<T t<T
where Cs = (p/(p — 1))?. Now, using the definition of L,
t
EILP = Elg(Fa) - g() - [ ds Ag(F)”
t
< ¥ B(g(FR) +g(o) +E| [ ds Ag(Fua)P)
0

Thus, IEsup, <, g(F;z)” is bounded by

t
1 (Co3" + 1)(sup Eg(Fia)? + g(a)? + Esup| [ ds Ag(F.a)l?)
t<T t<T Jo

Now by (2.3), we have
Eg(Fz)? = E(L + |Fa’)? < e (1+ |z*)P = e Tg(a)?

Moreover, recalling that |Ag| < K;g,

¢ t
Esup| [ ds Ag(Fsz)|P < IEsuptp/ds |Ag(Fsx)|P
t<T Jo t<r Jo
T
< TpIE/ ds K¥g(Fsz)P
0
T
< TpKf/ ds ef»Tg(z)P
0
< TPHIRPST g ()P



Thus,

Esupg(Fz)? < 371033771 4 1) (BT 1 4 TPTLKPeErT g ()P
t<T
< Cre®Ty()?,
which completes the proof. L]

(2.5) Proposition. Let f : R — R be Borel measurable. Suppose that My and f satisfy
Condition (2.2). Then the processes

t
Mt.f,tZO, /dSMsf,tZO,
0

are well defined and finite almost surely. Moreover, for each ¢ > 0, M;f and fot dsMf have
finite expectations. Finally, if f is continuous, then the process M;f, ¢t > 0, is continuous.

Proof: The integral M;|f| is always defined, but may be infinite. Fix 7" > 0. Then,

Esup Mi|f| = Bsup [ Mo(do)f(Fia)|
t<T t<T

< E / My(dz) sup | f (Fyx)|
t<T

< / Mo(dz)E sup C(1 + |Fuz)?,
t<T

by the second part of Condition (2.2). The preceding lemma yields
Esup(1 + |Fyz|)P < C12P/2e2T(1 + |z|)P, z € RY,
t<T
for some finite constants C; and C5. This last function is integrable with respect to My by
the first part of Condition (2.2). Thus IE sup,<r M|f| < co. Noting that

t
sup/ds M| f| < T'sup My|f|
t<T J0o t<T

shows that IE sup,<y [ids My|f| < oo also.
Let T,, be a deterministic sequence increasing to oo. For each n,

t
Mifl<oe,  [dsMifl<o,  0<t<T,
0

almost surely. Thus, M;f and fotdsMs f are well defined on [0,7}], almost surely. Taking

the limit as n — oo yields the first claim. The second claim has also been shown.
Continuity follows from the dominated convergence theorem, since

sup;<7 | f(Fizr)| dominates |f(Fiz)| for ¢ < T, and the first has a finite integral with respect

to My. ]



3 Stochastic calculus of M;

We have seen conditions under which the process Myf; t > 0, is well defined. If f is
continuous, the process is continuous. Is it also a semimartingale? The following theorem
offers an answer. It first appeared in ZIRBEL (1993) and was stated in the review article
ZIRBEL and GINLAR (1997).

Let us decompose U into its mean and martingale parts:

(3.1) U(z,t) = u(z)t + Up(z,1)

Then Uy is a Gaussian random field with zero drift and covariance a. We will impose the
following condition on My and f. In particular, by the results of the last section, it insures
that the process My f, t > 0, is well defined, finite, and continuous.

(3.2) Condition. The function f : R? — R is twice continuously differentiable; for some
constants p > 2 and C < oo,
/Mo(dz)|:c|p < 00

|f(z)] < C(1+|z|)P, z € RY
|Af(z)| < C(1+ [|z])?, z € RY;
and for each i = 1,...,d, the function ;f is of polynomial growth. ]

(3.3) Theorem. Suppose that f and My satisfy Condition (3.2).
a) The process Myf, t > 0, satisfies the following equation:

t
(3.49) Myf = Mof + [ dsMy(Af) + L
0
where L is a continuous martingale with mean 0, given by
(3.5) L= / My(dz) ().

For each z in R?, Jy(z), t > 0 is a martingale on R, defined by

d t )
(3.6) W)=Y [ 0 (Fa)Ui(Fia,ds).
=1

b) Let Ny be a finite deterministic measure on R® and define Ny by Ny = Ny o Ft_l.
Suppose that Ny and a function g satisfy Condition (3.2), with p in place of p. In addition,
suppose that for z,y in R and i,7 =1,...,d,

(3-7) 10if (2)8;9(y)a” (z,y)] < C(1+ [z[)P(1 + |y|)P.



Then the joint quadratic variation of Myf and Nig satisfies

d t
(3.8) (Mif,Neg) = > /0 ds / M, (dz) / N, (dy) 0if (x)9;9(y)a" (z,y)

i,j=1
(3.9) Remark. The martingale L in part (a) will be square integrable if f satisfies

|0:f (2)9; f (y)a® (z,y)| < C(1+ |z])P(1 + [y])?

using the same value of p as in Condition (3.2). Square integrability follows from IEL? =
IE(L, L); and part (b) via some simple estimates.

Proof: Fixt¢in R;.
a) First, we use It6’s Lemma to expand f(Fiz). The proof of Lemma 4.5.2 of KUNITA
(1990) shows that

¢

(3.10) [(Fia) = @)+ [ ds (AD)(Ba) + ()
the last term of which is the martingale given by (3.6). The precise definition of the integral
in (3.6) is:

t . o
(3.11) / 0, f (Fyz)Ui(Fy, ds) — / Vi(Fy, ds),

0 0
where V is the Gaussian random field defined by V*(z,t) = 8;f(z)U§(x,t). This is discussed
after Theorem 3.3.3 of KUNITA (1990).

By Lemma (2.5) and the conditions placed on My, f, and Af, the integrals of the first

three terms in (3.10) with respect to My are well defined, and so the integral of the last

term with respect to My is also well defined. Integrate over Mj and interchange integrals
in the middle term on the right to obtain

(3.12) M,f = Myf + /Otds M,(Af) + MyJ,

The last term is L;, and all that remains is to show that it is a martingale. Let r be less
than ¢. In (3.10), the absolute value of the last term is bounded by the sum of the absolute
values of the other terms. Integrating each such term with respect to My and then taking
the expectation gives a finite value, according to Lemma (2.5). Hence L; is integrable and

we can interchange integrations in the following computation:
(313) IE%TLt = IEHT /Mo(d.T)Jt(.’IJ)
- / Mo (dz) gy, Jy(z)

— / My(dz)Jy(z) = Ly

9



Thus L is a martingale, which finishes the proof of part (a).
b) Recall equation (3.10). Rewrite it for g(F;y), denoting the last term by K(y). Then
(3.4) becomes, for N;g,

t
th = N()g + /dS NS(.AQ) + NOKt
0
This allows us to compute the joint quadratic variation of M;f and N;g:
(3.14) (Mif, Nig) = (MoJy, NoKt)

We want to rewrite this as [ My(dz) [ No(dy)(Ji(z), K¢(y))-

It is well known that for two continuous martingales Z and Z’', the joint quadratic
variation (Z, Z'); is the unique continuous process of bounded variation such that Z;Z; —
(Z,Z'); is a martingale. The following calculation makes use of this uniqueness property.
We will justify interchanging integrals at the end.

By, [(MoJ)(NoK:) — [ Mo(de) [ No(dy)(Ji(a), Ki(y)]
= Bu, [ Molds) [ Noldy)[ () Kily) — (@), Kiw)]
= [ Mo(da) | No(ay) B, [112) Koly) = (@), Kr(w)]
= [ Mo(ds) [ Nofdy) () (0) — (Jr (@), Ke(w)]
= (MoJ)(NoK) — [ Molda) [ No(dy)(Jr (@), Kr(w)
This shows that

(3.15) (Moo, NoK:) = [ Mo(dz) [ No(dy) (o). Ki(w),

since both are the joint quadratic variation of MyJ; and NyK;.
Next, we use (3.11) and Theorem 3.2.4 of KUNITA (1990) to compute (J;(z), K;(y)) as
follows

d t ) t .
(Ji(z), Ki(y)) = <Z /0 0 f (Fsz)UG(Fsx, ds), /0 3jg(Fsy)U3(Fsy,ds)>

i,j=1

= Y [ds 01 (Fea)djg(Fuy)a? (Fi, ),
0

2,7=1
Combining this with (3.14) and (3.15), we obtain

(Mif,Nig) = [ Mo(do) [ No(dy) (@), Ki(w)

d t B
= [ Molds) [ Noldy) Y- [ ds 04 (Fua)oig(Fuy)a'i(Fra, Fuy)

4,j=1

10



Interchanging integrations and recalling (2.1) yields (3.8).
In order to justify the interchanges of integrals used above, consider the following bound:

IE|9; f (Fyz)0;9(Fry)a (Fyz, Fry)| < CIE(1 + |Fx|)P(1 + |Fyl)?

IA
D=

C [E(1 + |Fa|)PE(1 + | Fyy|)” ]
< O+ 2P (1 + [yl)?,

using (3.7), Holder’s inequality, and (2.3). We have set p = max(p, ). This justifies the
following interchange of integrals

Ex, [ Molda) [ No(dy) (i(a), Kulw) = [ Mo(de) [ No(da) B, (@), Ki(y)

We also need to justify the interchange of integrals in

By, [ Mo(ds) [ No(dy) (o) Ki(y) = [ Mo(da) [ No(dy)Ew, Ji(@)K:(y)

Solve (3.10) for Ji(z) and the analogue for Ky(y), then substitute into IE|J;(z)K(y)|. This
is bounded by a sum of terms of the form IE|h(Fix)l(Fyy)| or time integrals of these (at
the worst), where h and /£ satisfy inequality (3.7). Proceeding as above, each such term is
bounded above by C22PeX5!(1+|z|)P(1+|y|)? or time integrals of these, which are integrable
with respect to My and Ny. This justifies interchanging integrals. L]

4 Centroid and dispersion formulas

This section is devoted to finding formulas for the means, second moments, and quadratic
variations of the centroid process C and dispersion process D which were defined in Section
1. The results of Sections 2 and 3 and standard properties of semimartingales are used
extensively.

Formulas (4.5) and (4.8) appeared in ZIRBEL (1993) and ZIRBEL and GINLAR (1996),
and a sketch of these calculations appeared in ZIRBEL and GINLAR (1997).

Recall the definitions (1.4) and (1.5) of C; and Dy. Let f!(z) = z'. Then C} = M, f* for
each i = 1,...,d. For Dy, note that by its definition and the fact that M;(R¢) = 1,

D — / My(dz)(z' — C})(a? — Cf) = / My(dz)z's’ — CiC].

Thus, if we set g (z) = z°z?, we have D,Z;j = Myg" — Ctin' . Now we may appeal to Theorem
(3.3).

11



For the rest of the section we assume that for some p > 2, My is such that [ My(dz)|z|P
is finite. We will make further assumptions later as necessary. By Proposition (2.5), the
processes Cy, t > 0, and Dy, t > 0, are well defined and continuous.

Formulas for the centroid
By Theorem (3.3) and the fact that Af* = u’, the centroid satisfies
t
(4.1) C, = Co—l—/ds Myu + K,
0

The process K is a mean-zero square-integrable martingale on R? by Remark (3.9). By part
(b) of Theorem (3.3),

(42) (.07 = [ds [ My(ao) [ M) aa.)

forall¢,j =1,...,dand t > 0.
The moment IEC}C} is computed as follows. We assume that
[ My(dz)|z|* is finite. By the integration by parts formula,

cicd = CiCl + /0 tCﬁdCﬁ + /0 tcgdc;’+ {eiNe)?
But notice that, by (4.1) and (4.2), this equals
cici + /0 ds [CiMyud + CIMyu' + / M, (da) / M, (dy) a¥ (z, )]
+ /0 tc;'ng + /0 tcgdK;'
Let us define a matrix A by
(4.3) AV (z,y) = o' (y) + ' (2)y’ + a¥(z,y)
Then the quantity in brackets equals [ M(dz) [ M,(dy) AY(z,y), and thus
(4.4) cici = cicj + /0 ds [ Mi(da) [ M(dy) A (a,y)
+ /0 ‘Ciak + /0 ‘clak:

The last two terms are square-integrable martingales: K7 is square integrable by Remark
(3.9), and we will show now that IE [}(C?)2d(K7, K/); is finite. First, by (4.1) and (4.2),

AT, K}y = d(C9, G, = [ Mifdo) [ Mildy)ad (),

12



and by (1.8), a’’(z,y) < R(1+ |z|)(1 + |y|). Also, by the definition (1.4) of C},
Cil < [ Mdw)a| < [ Mida)(1 +al),
so that
B [(Cpae 1), < B [ds R M )

RIE/Otds /Ms(d:v)(l + |z,

IN

which is finite by Proposition (2.5) since we have assumed that [ My(dz)|z|* is finite.
Taking the mean of (4.4),

S L t .
(4.5) ECIC] = CiCi + E / ds / M, (dz) / M, (dy) A% (z,y).
0

This bears formal similarity to (4.2) due to our definition of A. When v = 0, C is a
martingale and A reduces to a. The covariance of C} and C{ may now be computed using
(4.5) and the mean of (4.1).

Formulas for the dispersion

Above, we set ¢ (r) = 2’2/ and saw that D,Z;j = M;g"l — C’,ng. Now by Theorem (3.3)
and the fact that Ag¥(z) = AY(z,x), we have

(4.6) Mig¥ = Myg" + [ ds [ M, (4249 (2, 0) + I
0

the last term of which is a square-integrable martingale. Combining this with (4.4) and
recalling that M,(R?) = 1, we obtain

@n DY =Df + [ds [M.(de) [ M.(dy) 47 (0,0) - 47(a,y)
0
. t . . t .
LY / CldKT — / CidK?
0 0
The last three terms here are square-integrable martingales, thus,

(4.8) EDY = DV + E /0 ds / M, (dz) / M, (dy) [AY (2, 2) — AY (2, y)].

13



The calculation of (D% D*), begins by substituting in from (4.7) and using identities
of the form (X, [ YsdZ;) = [Y,d(X, Z)s repeatedly.

. , t . t ..
(D9, D) = (9,24, - [ chari, o), - [ claei,ch),
0 0
t . . t . . t .
_ / Cid(ci, LK, + / Cicka(ci, cly, + / cicta(cd, chy,
0 0 0
t . o . t o, .
- / CId(C?, LFY, + / cickd(ci, ¢y, + / cictd(Ct, cy,
0 0 0

Now L% is the martingale part of M;g%, and of course C} = M, f*, so the required quadratic
variations can be found from Theorem (3.3):

.. t . . . .
(LY, LkYy, = /0 ds/Ms(dw)/Ms(dy) yFalt + iytal® + IyFatt + 2Iyta’*)
.. t L .
(L, cky, = / ds / M, (dz) / M,(dy) [¢'a? + fa*]
0
. t . .
(€L = [ds [ Mi(do) [ M) e + oo

We have suppressed the argument (z,y) of the covariance a. The third formula simply
restates the second in a form which will be convenient. Of course, (C?, C7); is given in
(4.2).

Combining carefully into the expression above for (D%, D¥¢);, the integrands we obtain
are the four permutations (i <+ j,k <> £) of the general term

o (z,y)[z"y* — 2'CF — Cliy* + CiCY]

which is the same as (z* — C%)a/*(z, y)(y* — C¥). We can rewrite the sum of these terms as
the quadratic form (z — Cs)T B(z,y)(y — Cs), where B is the matrix

(4.9) B™ — 5zm(51ma + Simdma’® + 6jm5kna + 5Jm55na
with the argument (z,y) suppressed. With this notation,
(4.10) (DY, DY, /ds/M dz /M (dy) (z — C)TB(z,y)(y — Cs),

which is as succinct a formula as one could desire.
We will now compute IEDt]Dke Use the integration by parts formula:

. . to t . .
DY Df* = D¢ D§* + /0 DYdDE + /0 D¥dDY + (DY, D),

14



The middle two terms are treated by substituting in from (4.7). For example,
/0 "DiaDE = /0 ds DY [ Mitds) [ M(dy) (4 (a,) — Az, )]
+ /0 tD;'jdL’;f— /0 thjcdef— /0 tDiijdKf
One may verify that, if [ My(dz)|z|® is finite, the last three terms satisfy integrability
conditions guaranteeing that they are square-integrable martingales. Thus,
ED{D}* = Dy D
(4.11) +E /O ds / M, (dz) / M, (dy) [DY (A¥(z, ) — A¥(z, 1))
+D{(AY (2, 2) — A (2,y)) + (2 — C5) " B(z,y) (y — )]

The covariance of Dij and Dfe may now be computed.
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