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Abstract. We give a general method for finding the long-time asymptotic growth rate of mean
occupation times of one-dimensional continuous strong Markov processes. The method uses a well-
known decomposition of the resolvent, previous work of Y. Kasahara, and some new comparison
results. Particular attention is paid to occupation times measured according to a function which is
supported on the whole range of the process. We give an extended example concerning isotropic
Brownian flows. A companion paper gives several other examples.
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1 Introduction

Let X be a continuous strong Markov process on an interval I on the real line and let
f : R = R be a bounded Borel function. In this paper we discuss a general method for
finding the growth rate of the expected occupation time

(1.1) L(t) = F° /0 ds F(X.)

as t — oo. This problem is well understood when X is positive Harris recurrent — in this
case L(t)/t — [; M(dz)f(x), where M is the invariant probability measure for X. We will
focus on the null recurrent and transient cases. We are particularly interested in situations
in which f is supported near the endpoints of I.

We have encountered such problems in connection with isotropic Brownian flows. The
companion paper ZIRBEL (1997) makes extensive use of the method described here. A
further complication is also introduced: X has an initial distribution which places mass near
the endpoints of I. Section 6 of the present article contains a simpler, but still instructive,
example.

The method we propose is to first take the Laplace-Stieltjes transform of L:

(1.2) () = E* /0 Tt et £(X)



(This is U, f (z), where U, is the a-potential or resolvent of X.) Second, find the asymptotic
behavior of L(a) as o — 0, and third, use a Tauberian theorem to find the asymptotic
behavior of L(t) as t — oco. The second step is the focus of the paper. For completeness,
we quote the Tauberian theorem of BINGHAM, GOLDIE and TEUGELS (1986) in this context:

(1.3) Theorem. Suppose L is non-decreasing and ¢ > 0. If g varies regularly at oo with
exponent § € [0,00) (see Definition (3.6)), then the following are equivalent:

L(t) ~ cg(t)/T'(1 + 6), t — oo
L(a) ~ cg(1/a), al0
When ¢ = 0, we interpret these as L(t) = o(g(t)) and L(a) = o(g(1/a)). 0

The paper is organized as follows. We begin in Section 2 with various definitions con-
cerning the following decomposition of L(a):

(14) L(@) = h(e) [ 1o Ay, a)uala V)1 (1) M (dy)

The asymptotic behavior of h(«) has been treated by Y. Kasahara and co-authors for a
certain class of Markov processes. In Section 3, we restate some of their results for our case
and then give a new version which is considerably easier to apply (Theorem (3.9)).

The functions v; and vo are positive and are monotone as functions of their first argu-
ments. When f is supported near an endpoint of I, we need tight bounds on v; and v
near that endpoint in order to examine the integral in (1.4) as @ — 0. In Sections 4 and
5, we show how to obtain such bounds by comparing X to another Markov process having
similar behavior in the region of interest.

In Section 6 we carry out an analysis of occupation times of the two-point distance
process in a two-dimensional isotropic Brownian flow with top Lyapunov exponent equal
to 0. This example illustrates the use of the method and resolves an unsettled question
concerning this process. Further examples may be found in the companion article ZIRBEL
(1997).

Finally, let us mention that knowing the asymptotic behavior of the mean occupation
time in (1.1) can sometimes be parlayed into statements concerning the law of the occupation
time process fg dsf(Xs), t > 0. The original result of DARLING and KAC (1957) has been
greatly improved and generalized by STONE (1963), BINGHAM (1971), KASAHARA (1975,
1977, 1982), and BINGHAM, GOLDIE and TEUGELS (1986), Section 8.11. These results
require some uniformity in the asymptotics of L as x ranges over the support of f, which
will often fail to hold when f is supported near the endpoints of I. We are unaware of any
general results on the law of the occupation time process in this case.



2 Decomposition of Laplace transform

We assume that X is a strong Markov process with continuous paths, taking values in an
interval I in (—o0,400). Denote by £ the left endpoint of I and by r the right endpoint.
These may or may not lie in I. We assume that X is regular on (£,7), that is, for each z in
(¢,7) and y in I,

(2.1) P*{Ty < 400} > 0.

Here Ty, is the first hitting time of y by X and P? is a probability measure under which
Xo = = almost surely. With this assumption, X is a Feller process.

Denote by A the infinitesimal generator of X, by s its scale function, and by M its
speed measure. The function s is continuous and strictly increasing (BREIMAN (1968),
Theorem 16.27). We extend s to [¢,7] (if necessary) by setting s(r) = limgq, s(z) and
s(¢) = limg ¢ s(x). When M is absolutely continuous with respect to Lebesgue measure, we
denote its density by m.

Let f : I — R be a bounded Borel function. The following decomposition is proven in
DYNKIN (1965), Theorem 17.9 and 1TO and MCKEAN (1965), Section 4.11, but see BREIMAN
(1968), Theorem 16.75 for an introduction.

(2.2) EZAwﬁeﬂ%ﬂxa=huoﬂvuwA%awxwv%avwﬂwwm

Here E* denotes expectation using the probability measure P*. The left hand side is the

resolvent of X. (Note that the definition of the speed measure varies by a factor of 2 in

DYNKIN (1965), while BREIMAN (1968) assumes the process is already in natural scale.)
The functions v; and v are defined in terms of the hitting times of X:

E%eoTc ifr<c

(2.3) vi(z,a) = {

1 .
e, fzx<c
(2.4) vo(z, @) = { Eemz’ -
’ E?eTe ifz > ¢

Here ¢ € (¢,7) is arbitrary but fixed. In essence, v; has to do with motion to the right, vo
with motion to the left. The function v (-, @) is increasing, vs(+, @) is decreasing, and both
are positive. They are the unique such solutions of

(2.5) Av = aw, v(c,a) = 1.
See BREIMAN (1968), Theorem 16.69. Let D be the operator defined by

e () =@
Do) =l ) s@)



The function A is the reciprocal of the Wronskian of v; and vs:
(2.6) h(a) = (D vi(z, a)vs(, @) — vi(z, @) D va(z, )
The right side is constant as a function of z, although it depends on the choice of c.

(2.7) Example. BES? process. Let X;, ¢t > 0 be a BES? process, that is, the norm of a
planar Brownian motion. Its generator A is given by

(AN@) = 5@ + 5l @), >0

The scale function of X is s(z) = logz and the density m of the speed measure satisfies
m(xz) = 2z. The equation Av = av becomes

1, 1, . .
v (z) + 557 (z) — av(z) =0, v(c) =1
20" (z) + 20 (z) — 202v(z) = 0, v(c) =1

This is the modified Bessel equation of order 0. The general solutions are
Io(v20£$), K()(V2C¥.’L'),

which are respectively increasing and decreasing. The functions v; and v are thus given by

Ko(\/2_04$)
Ko(\/ﬁc)

(2.8) vi(z,0) = fo(v2az) vo(z, ) =

IO(\/%C) ’

where ¢ € (0,00) is fixed. A direct calculation gives

(2.9) h(e) = Io(V2ac) Ko (V2ac).

Limit of v and v, as a — 0

For the limit of L(a) as a — 0, we will need to know lim, o vy (2, @) and lim, g va(2, @).
The limits are not equal to 1 in the transient case since, for example, 7. may be infinite
with positive probability. Indeed, for v;, we obtain

P{T, < o0}, ifzx<c
ifz>c

Eﬁ)l'ul(‘xaa) = {

1
P{T, <o}’



Standard properties of the scale function yield, for a < b,

i< 55

which we interpret to be 1 if s(¢) = —oo. Making this substitution,

s(z) — s(4)

2.1 li =
( 0) (;1101’01(.7),01) S(C) —S(f)
with the same interpretation if s(¢) = —oo. Similarly,

: s(r) — s(x)
2.11 1 = —-——"——=
( ) ;ﬁ)l'UQ(xaa) S(’f‘) —S(C) )

which equals 1 if s(r) = oc.
Change of variable

It is often useful to rescale the real line in order to obtain a process with nicer properties.
Let us see how this affects the functions h, v, and v in the decomposition (2.2).

Let ¢ : I — R be continuous and strictly increasing. Define a process Y by Y; = ¢(Xy).
Then Y is a regular, strong Markov process with continuous paths, taking values in the
interval ¢(I). Its scale function equals s o ¢ ! and its speed measure N is the image of M
under ¢, that is N(A) = M (¢ !(A)) for each Borel A C ¢(I). Occupation times of Y have
a decomposition

(2.12) EY /Ooodt e g(Y;) = h(a) /¢(I) u1(y A z,a)uz(y V z,a)g(z)N(dz)

where ﬁ,ul, and ug are defined as before, but with respect to Y. We take the reference
location ¢ equal to ¢(c).

Suppose that X starts at a and first hits b at time 7,. Then Y starts at ¢(a) and first
hits ¢(b) at time T}. Looking at (2.3) and (2.4), we see that

(2'13) ’Ul(.’I?,Oé) = u1(¢(x)aa)7 U2($aa) = u2(¢($),a)'

The relationship between h and h is even easier: they are equal. First, note that for positive
f:1I—R,

B [ Tdt et (X)) = A / Cdt et (57 V),

where E?®) means that Yy = ¢(z). By the decomposition (2.12), this equals

ﬁ(a)/ u1($(z) A z, @)uz(¢(2) V z,0) f (¢~ (2)) N (dz)
o(1)
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Changing variables via z = ¢(y) makes this

h(a) /1 u1(@(x) A B(y), )uz(d(z) V $(y), o) f (y) M (dy)

But ¢(z) A ¢(y) = ¢(z Ay) and ¢(z) V é(y) = ¢(z V y), so this is

h@) [ 0@ A a)uale V.0 f()M (dy)

which is identical to (2.2) if and only if & = h.

3 Asymptotic behavior of h

In this section we discuss methods to determine the asymptotic behavior of h(a) as a — 0.
When X is transient, meaning that for some a and b in (¢,7) we have P*{T, = oo} > 0,
Problem 4.11.8 of 1T and MCKEAN (1965) shows that

(3.1) lim h(a) < +o0.

al0

Conversely, this condition implies that X is transient. In particular, if I is the open interval
(£,7), then X is transient if and only if s(£) and s(r) are not both infinite (REVUZ and YOR
(1991), Chapter VII, Exercise (3.21)).

We will quote two results of Y. Kasahara and others, one concerning the limit of A when
X is transient and the other for the asymptotic behavior of h(a) as @ — 0 when X is
recurrent. Kasahara’s work concerns one-dimensional martingale diffusions (i.e., diffusions
on natural scale) which are closely related to the spectral theory of strings. See KOTANI
and WATANABE (1982) for a review of this connection.

Consider the martingale Y defined by Y; = s(X}) for ¢ > 0. Without loss of generality,
we assume that s(¢) = 0. As we saw in Section 2, Y takes values in the interval with
endpoints s(£) and s(r). Its scale function is the identity map and its speed measure N is
the image of M under s. It has associated functions h,u1, and usg; the function A is the
same as for X, while u; and ug are given by (2.13).

In order to relate Kasahara’s results, first note that, by Theorem 16.36 of BREIMAN
(1968), Mla,b] < oo when £ < a < b < r. Second, we assume that the speed measure
satisfies
(3.2) M{t} = +o0, MA{r} = +oc.

A measure satisfying these conditions is said to be inextensible in the terminology of KASA-
HARA, KOTANI, and WATANABE (1980); see also pp. 246-247 of KOTANI and WATANABE
(1982). Note that the measure N is also inextensible. Condition (3.2) makes no difference



at a natural or entrance boundary, since such points are inaccessible from (£,7). It makes
no difference at an exit boundary, since the process stays there once it hits there and the
decomposition (2.2) is unaffected by the values of M{¢} and M{r} (see (5.1) and (5.2)).
However, regular endpoints must be absorbing, not reflecting.

On pages 246-247 of KOTANI and WATANABE (1982) and pp. 178-179 of KASAHARA,
KOTANI, and WATANABE (1980), we see the same situation as we have here for Y. The
resolvent of Y is written in terms of functions h, u_, u, and m corresponding to our h, u1, uz,
and N, respectively. The function h is further broken up as

(3.3) - +

The definition of hy depends only on the restriction of the speed measure m (our N) to
[0, o0]; similarly h_ depends on the restriction to [—o0c,0). This relationship between h
and the restriction of N to [0,00) is called Krein’s correspondence.

KASAHARA (1975) is the first of several articles concerning Krein’s correspondence and
its implications for one-dimensional Markov processes. From Equation (9) of that article,

(3.4) EfolhﬂL(a) = s(r)
(3.5) lim h—(a) = —s(f)

The first is exactly Kasahara’s Equation (9), and the second follows by reflecting Y about
0. This allows us to compute lim, o h(co) when X is transient.

When X is recurrent, we will have hy (a) — oo as a — 0. We wish to quote a comparison
theorem concerning the asymptotic behavior of h () as @ — 0. First we need to mention

regular variation.

(3.6) Definition. A Borel measurable function g : (0,00) — (0,00) is said to be regularly
varying with exponent ¢ if, for all A > 0,

lim
00 g(x

~—

If § = 0, we say that g is slowly varying. If g is regularly varying with exponent §, then we
can write g(z) = z° f(z) for a slowly varying function f. 0

The following result involves the restrictions to [0, 00| of two inextensible measures N;
and Ny and their corresponding functions h; and he (these play the role of hy). It first
appeared as Theorem 2 of KASAHARA, KOTANI, and WATANABE (1980); we use the version
given as Theorem 2.1 of KOTANI and WATANABE (1982).



(3.7) Theorem. Define Q;(y) = yNi[0,y] fori = 1,2 and let Q; * be the generalized inverse
of Qi: Q;'(2) = inf{y : Qi(y) > z}. Suppose f is slowly varying. Then the following
statements are equivalent.

Qr7'(2) ~ Q3 (2) f(2), 7 — 00

and
b (@) ~h2(a)f(é), a— 0.

To use this result, we need some reference cases of Krein’s correspondence:

(3.8) Example. (KASAHARA (1975)) Suppose § € (0,1] and let N[0,y] = /9! for y > 0
and N{oco} = +oc. Then the corresponding function h is given by h, () = Dsga~®, where
Dy =1and Dsg=T(1+46)0%(1 68179 for § € (0,1).

We may extend this to the case § = 0 by interpreting N as N[0,y] =0 for 0 <y < 1
and N[0,y] = 400 for y > 1. We have Dy = 1 and hi(a) = 1 in this case. In this case
N is the restriction to [0, 00] of an inextensible measure but is not the speed measure of a
continuous strong Markov process. Still, we may still consider Krein’s correspondence and
use Theorem (3.7); see pp. 235-236 of KOTANI and WATANABE (1982). 0

Finally, we come to our interpretation of Theorem (3.7). It bears resemblance to The-
orem 2 of KASAHARA (1975) and the corollary to Theorem 2.1 of KOTANI and WATANABE
(1982), which are both combinations of Theorem (3.7) and Example (3.8). However, we
have found our version easier to apply because it does not require us to look at the inverse
of a slowly varying function. A version for h_ is stated afterward as a corollary. Recall that
condition (3.2) is still in force.

(3.9) Theorem. Suppose that s(r) = +o00, M has no atoms in [c,T), and g varies reqularly
with exponent § € [0,1]. Then the following are equivalent:

g(s(z)Me, x])

(3.10) lim E=2 —1

and

(3.11) lim h+(10‘) — Dj
a0 g(5)

where Dy is defined in Ezample (3.8).



Proof: Let N; be the restriction of the speed measure of Y to [0,00]. Then hy = h.
Let No[0,y] = y'/%~! so that hy(a) = Dsa~® by Example (3.8). Let Q;(y) = yN;[0,] as in
Theorem (3.7). Also, write g(z) = 2°f(z), where f is slowly varying.

First note that M(c,z] = Ni[0,s(z)] by the definition of N. Equation (3.10) can be

rewritten as
1= lim M = lim M — lim g—(l'Z)
y—oo Y y—00 y 2=00 QT (z)

by setting y = s(z) and then z = Q1(y). (Q1 is invertible since it is strictly increasing by
definition and is continuous because M has no atoms.) But g(z) = 20 f(z) = Q5 '(2)f(z), so
this is equivalent to Q7' (2z) ~ Q5" (2)f(2) as z — co. By Theorem (3.7), this is equivalent
to hi(a) ~ hg(a)f(é). But hg(a)f(é) = D(sg(é), so this is equivalent to condition (3.11),
completing the proof. 0

(3.12) Remark. We can prove the same result if M has an atomic component, provided
we impose an additional requirement to insure that

9(Q1(y)) 9(2)

y]ggo T =1 1mplles le)l’{.lo m =1
(The other direction is not problematic.)
One possibility is to require Q1 to be regularly varying. Supposing the first limit equals
1, we let y = Q' (2) to find

o 9B 9(2) lim 9(@1(%))
250 Q' (z) o g(Qu(QT(2) ¥y

If Q1 is regularly varying, then Ql(Qfl(z)) ~ z as z — oo (BINGHAM, GOLDIE and TEUGELS
(1986), Theorem 1.5.12) and so g(Q1(Q;'(2))) ~ g(z) as z — oo (BINGHAM, GOLDIE and
TEUGELS (1986), Proposition 1.5.7ii), and we are done. 0

(3.13) Corollary. Suppose that s(£) = —oo, M has no atoms in (¢, c), and g varies regularly
with exponent § € [0,1]. Then the following are equivalent:

lim 9(=s(z)Mlz, c)) =1 and im h- (la) = Dy
A — off g(2)
where Dy is defined in Exzample (3.8). 0



4 Growth of v; near r and vy near /¢

Consider v (z,a) for  near r. If r ¢ I, then vi(z,a) - o0 as z T r (BREIMAN (1968),
Theorem 16.69). On the other hand, for fixed z > ¢, v1(z, ) decreases as « | 0. Similar
comments apply to vo(z, @) for z near £. We want to find upper and lower bounds on v; and
vo in these regions so that we can sort out these competing effects.

We note that if the initial position z of the process X is a single, fixed point, then these
bounds will not be necessary, as one can see in the decomposition (2.2). The bounds are
useful when one is interested in quantifying the dependence of occupation times on initial
position. For example, this arises in the companion paper ZIRBEL (1997), where the initial
state is random.

The idea is to find another diffusion X which behaves much like X in the region of
interest, but for which we can find the corresponding #; and ¥o explicitly. For example,
the separation process Z considered in Section 6 is essentially a BES? process when it is
far away from the origin, and the BES? process is simple to analyze, as we have seen in
Example (2.7).

The starting point is an explicit construction of solutions of Av = av by successive

approximations.
(4.1) Theorem. Fiz k1 and ko in R. Define functions &y, &1, ... and & by
fo(z) = ki+ka(s(z) —s(c)

brae) = [ (60) = s)&wMd),  n=01...
&z, = ifn(af;)a"
n=0

Then this series converges uniformly on each closed subinterval of (£,7). For each o > 0, &

is a solution of

A¢ = af, £(c) = ka, D &(c) = ks.
Proof: Let A = a/2. The differential equation for £ can be written as
1
sdDfE — XedM =0,

in the terminology of DYNKIN (1965), Section 17.7. Theorem 17.7 of the same book can be
applied to show that the series > 0% ; &, (z)a™ does indeed converge uniformly to a function

¢ satisfying the conditions at c. O
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Suppose now that X is a regular, continuous, strong Markov process on I with scale
function 3, speed measure M, and generator A. We have the following comparison result
for solutions of A¢ = a¢ and A¢ = of.

(4.2) Theorem. Let J be either the interval (¢,c] or [c,r). Suppose that for some K > 0
we have
s(b) — s(a) < K(3(b) — 3(a)), M (a,b] < KM(a,b]

for all a,b in J with a < b. Consider solutions &(x,a) and &(x,&) of the equations

A§ = Ol&, g(C) = kla D:f(C) = kZ

Ab=at, €=k,  Dfé(c) =k
a) If k1 >0 and ky = ky = 0, then for all z in J and a > 0, £(z,a) < &(z, K2a).
b) If ky > 0, J equals [c,7), and ky,ky > 0, then there exists a constant B (depending
on K, ky, and ky) such that &(z,a) < Bé(z, K2a) for all z > ¢ and all a > 0.
¢) If ky > 0, J equals (£,c], and ko, ky < 0, then there exists a constant B (depending
on K, ky, and ky) such that &(z,a) < Bé(x, K2a) for all z < ¢ and all a > 0.

Proof: Let &, and Sn be the functions defined in Theorem (4.1) for X and X, respectively.
Consider first the case k1 > 0 and ky = l~cg = 0. We claim that for all n > 0,

(4.3) 0 < &n(x) < K?n (), z el

The proof is by induction on n. First, note that 0 < & (z) = k1 = &(z), so the claim is true
for n = 0. Next, suppose that we have shown that 0 < &,(z) < K2"¢,(z) for z in J. Then,

frila) = [ (5(0) = s M(dy)

< [ K(3(x) — 5(0) K2, (y) K M (dy)

Cc

— I(Z(n-l—l)éfn_k1 (IE)

The first line also shows that &,41(z) > 0. We have proven (4.3) for all n > 0 and z in J.
Now it follows easily that

&(z,a) = Z én(z)a™ < Z én(z)(K2a)" = é(m,K2a),
n=0 n=0

which completes the proof of case (a).

11



Next, consider the case k; > 0, J = [¢,r), and kg, ks > 0. We claim that, for some
constant B > 0, we have

(4.4) 0 < én(z) < BK™E,(z), T >c
for all n > 0. The base step is more difficult this time. Let £ > ¢. Then,

0<&(z) = ki+ka(s(z)—s(c))
8(

< kit ko K(5(z) — 3(c)
koK -
= b1+ ——(&(z) — k1)
ko
ko koK -~
= k(l———)+ —= T
(1= 4 o)
< Bé()(.’L‘),
Note that if k& = 0, we can take B = %; otherwise we set
koK, koK 2ko K
B=|1-224+ 22 —max(l, 222 1)
2 k2 kg

This establishes (4.4) for n = 0. The induction step is the same as above, and the inequality
in case (b) follows readily. The proof for case (c) is similar. 0

This theorem applies, in particular, to the functions v; and ¥1, and also vy and ¥o, where
v1 and ¥2 have the obvious meanings. Note that ko and 152 are now functions of «, so B
depends on «. Under the hypotheses of the proposition, using J = [¢,7) yields

(4.5) vi(z,a) < By(a)d (z, K2a), z>c.

On the other hand, using J = (¥, ¢] gives
(4.6) vo(z,a) < Bo(a)da(z, K2a), z<ec.

The following corollary casts the conditions of Theorem (4.2) in terms of the asymptotic
behavior of the derivatives of s, §, M, and M, and yields upper and lower bounds on v; and
vg.

We assume that s and § are continuously differentiable and that M and M have con-
tinuous densities m and m with respect to Lebesgue measure. In addition, s’,§’',m, and m
must be strictly positive.

(4.7) Corollary. a) Suppose the functions s'(z)/§'(z) and m(x)/m(z) have limits in (0, 0)
as x 1 r. Then there ezist constants Ry, Ra > 0 and functions Bi(a), Bo(a) > 0 such that

Bi(a)?1(z, Ria) < vi(z,a) < Ba(a)t(z, Rea).
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for all z € [¢,7) and a > 0.
b) Suppose the functions s'(x)/§'(z) and m(z)/m(z) have limits in (0,00) as = | £.
Then there ezist constants Ri, Ry > 0 and functions Bi(a), Ba(a) > 0 such that

Bi(a)tz(z, Ria) < va(x, @) < Ba(a)v2(z, Roa).
for all z € (£,c] and a > 0.

Proof: For part (a), let e = r; for (b), let e = £. Then the functions s'/s" and m/m are
continuous and strictly positive, with finite, non-zero limits at e. Thus, they are bounded
above and below by constants C7 and Cy with 0 < C; < () < oo

s'(z)

C1 £ = < Oy, C <
§(z)

m(x)

S 027

for z between ¢ and e. The upper bounds imply that the conditions of Theorem (4.2) hold
with K = C5. Equations (4.5) and (4.6) give the rightmost inequalities in the conclusions
of parts (a) and (b) with Ry = C2.

On the other hand, the lower bounds above show that the conditions of Theorem (4.2)
are satisfied for K = 1/C; and with the tildes reversed on s and m. Then equations (4.5)
and (4.6) yield the leftmost inequalities in parts (a) and (b) with Ry = C?. 0

5 Decay of v; near ¢ and v, near r

It is more difficult to get bounds on the decay of vi(z,«) as z — £ and vo(z,0) as z — r
than it is to bound their growth at the opposite endpoint. The inductive procedure of
Theorem (4.2) will not work: for example, in the construction of Theorem (4.1), if we have
k2 < 0, the functions &, change sign on [c,7), which ruins the inequalities of the induction
step of Theorem (4.2).

There is a simple condition on the speed measure which guarantees that v; and v2 decay

to zero:

(5.1) lim M|[z,c) = +oo implies limv;(z,a) =0
zll zll

(5.2) lim Mc,z] = 400 implies limwve(z,a) =0
ztr ztr

See 1TO and MCKEAN (1965), Section 4.6 for the proof.
We can sometimes obtain upper and lower bounds on v; and vy if the process X is a
strong solution of a stochastic differential equation of the form

(5.3) dX; = o(X;)dW; + p(X)dt.
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We wish to compare X with another process X satisfying the same equation but with a
different drift i replacing p. (It is immaterial whether they solve (5.3) with the same Wiener
process W.)

We state our result for v9; the analogous result holds for v;. The lower bound we give
can be traded for an upper bound by reversing the roles of X and X.

We assume that p and i are bounded and at least one of them is Lipschitz, and that

lo(z) — a(y)? < f(|z — y|) for some f satisfying Jo, % = 00.
(5.4) Proposition. Let X and X be as above. Suppose that, for some ¥ > ¢ we have

p(z) < i(z), x>z

Then,

'62(11"’(1) < 1)2(55',04) >z

62(:5*’ a) - IU?(:E*’ Oé) ’

Proof: Fix z > z*. We will start both X and X at z; the expectation E* will be used
for this. By the definition of v and the strong Markov property,

vo(z,0) = E%e ol

Ea:e—aTw* Ez* e—aTc

= wy(z*,)E%e *Te",

Similarly, v2(z, @) = Da(z*, a)Ewe_aTw*, where T« is the first time X hits z*.

Let X and X be solutions of their respective stochastic differential equations but with
the same Wiener process in each. Theorem 3.7 of Chapter IX of REVUZ and YOR (1991) and
our assumption that u < i give

X; < X, 0<1t< o0,
almost surely. Thus T, < Tpe, SO
Eme—a’fz* < E;ce—aTm* .

This completes the proof. O
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6 Example

We close with an extended example concerning two-dimensional isotropic Brownian flows.
We intend this to be instructive, showing how to resolve some of the difficulties that may
be encountered. Our analysis also clears up a minor issue concerning Brownian flows.

Isotropic Brownian flows are treated in detail by LE JAN (1985) and BAXENDALE and
HARRIS (1986); see also ZIRBEL and QINLAR (1996b) and the companion article ZIRBEL
(1997). We assume that the covariance tensor of the flow is C* and not constant, and is
normalized so that the one-point motion is the standard Brownian motion on R?>. We are
interested in the distance between two points in the flow at time ¢. This is a continuous,
regular, strong Markov process Z;, ¢t > 0, with Zy being the initial separation.

The behavior of Z; as ¢ — oo depends on the largest Lyapunov exponent A of the flow,
as is shown in LE JAN (1985), pp. 617-8. In two dimensions,

if A <0, then Z; — 0 almost surely;
if A >0, then Z is null recurrent on (0, c0);

if A > 0, then Z; — oo in probability.

When A = 0, the invariant measure for Z puts infinite mass on both (0,1) and (1,0), so
we cannot tell immediately how Z; behaves as ¢ — oo. We wish to remedy this here by
finding how the mean occupation time of various intervals grows as t — co. We will show

the following:

(6.1) Proposition. Let d = 2 and A = 0. Then there exist a constant K and a speed
measure M such that for all 0 < a < b < oo and all ¢ > 0,

E° fgdsl(oja](Zs) ~ K,/ﬂ%r\/flogt, t— oo
E° fgdsl[a,b](Zs) ~ +KMla,bllogt, t— oo
E° [3dslie0)(Zs) ~ t, t— o0

The values of K and M are given in the proof.

The third statement follows from the first two. For those, we need some preliminaries
about the speed and scale of Z.

Under our assumptions on the covariance b, Z is a diffusion on (0, 00). From the form
of its generator, it has the same law as the strong solution of the stochastic differential
equation

dZ, = o(Zy)dWy + pu(Zy)dt
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where W is the Wiener process and

_ 1 —bN(Z).

o) = 21— (), ple) = ——

Here by, and by are deterministic functions related to the covariance of the flow. What
is important is that by and by are bounded and continuous, they have a common limit
po € [0,1) as z — oo, and, as z — 0,

(6.2) br(z) = 1— %ﬁLZQ + 2% + o(2*)
(6.3) by(z) = 1— %ﬁsz + w2t +o(zh)

The top Lyapunov exponent of the flow equals %(ﬁN — L), so the case A = 0 corresponds

to B = Bn.

The scale function s and the density m of the speed measure satisfy

§'(2) = exp(= / :dy i’igg) m(z) = m

where zg is arbitrary, but will be fixed below for our convenience. Write the derivative s’ as
20 z . ()
s'(z) = —exp(—/ dy —==),
z 20 )

where §(y) = (br(y) — bn(y))/(1 — br(y)). BAXENDALE and HARRIS (1986), p. 1163 show
that fz"‘ody % has a finite limit as z — oo, so we have s'(z) ~ K/z as z — 0o, and moreover,

2z 22

s(z) ~Klogz, m(z)~ K — o)’ Mlc, z] ~ K(1— o)

where K = zq exp(— [ dy %’))
We will need more precise information as z — 0, however. Begin by noting that, as
y —0,
o) 20 —m),

~

Y BL
Thus, R(zy) = exp( Z(Ldy %) is finite, and

ol [(ay ")~ Ra) = 07, 20
20
In other words,
1 2z _ 9
(6.4) ) 2 R(zp) = O(z7), z— 0,
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Now R(zp) is continuous, R(0) = 1, and R(zp) has a finite limit as zp — oo (as mentioned
above), so we may choose zg so that R(zp) = z9. Note that then s'(z) ~ 1/z and s(z) ~ log 2
as z = 0. We also have K = exp(— [;°dy %)

Moreover, by multiplying through (6.4) by %Zg and rearranging, we find that m(z)— %% =
O(z) as z — 0. Using (6.2) yields %Zg — -2 = 0(2?%), and so

BrLz

2

(6.5) m(z) — Br

O(z), z — 0,
which is the detailed information we will need later. From this, we have M|z, c) ~ —ﬁ% log z
as z —+ 0.

Theorem (3.9) and its corollary allow us to conclude

K 1
h+(a)NEloga and h—(o‘)’“D%V%’ a—0

by letting g(z) = & logz for hy and g(z) = /Brz/2 for h_. Thus, h(a) ~ & log
a— 0.
Consider the occupation time E¢ f(f dsliap)(Zs). Its Laplace transform is, by (2.2),

as

QI

b
f(a) = h(a) / vie Ay, a)va(cV y,a)M(dy)

The integrand is bounded and converges to 1 as & — 0, so L(a) is asymptotic to K Mla,b]log L
as @ — 0. The Tauberian Theorem (1.3) establishes the second statement of Proposition
(6.1).

Next, consider the first claim of Proposition (6.1). We will show below that for all
¢ small enough, E¢ fgdsl(o’c](Zs) ~ Cy/tlogt as t — oo. Fix one such ¢ and consider
L(t,d) = E4 fgdsl(o’c](Zs) for d > ¢. By (1.2) we have L(a,d) = E%¢ *TeL(a,c). But
E?e Te — 1 as a — 0 since Z is recurrent, so we have L(t,d) ~ Cv/tlogt by the Tauberian
Theorem. In fact, this is true for all d > 0. Finally, using the result of the preceding
paragraph, we obtain the first conclusion of Proposition (6.1).

Consider then L(t) = E°€ fgdsl(o,c](Zs), where ¢ € (0, cmax) With cmax to be specified
below. By (2.2),

(6.6) i(a) = h(a) /0 "4z o1 (2, )m(2)

We cannot solve for vy directly from the differential equation Av = av since ¢ and u are
too unwieldy. Nor can we use the comparison method of Section 5 directly, again because
of o. Our approach is to change variables to simplify the diffusion coefficient and then use
the comparison method. The fact that o is linear near 0 guides our choice of rescaling.
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Define a positive, increasing function ¢ by

(6.7) $(z) = exp<jfzdy o),  2>0

and set Y; = ¢(Z;) for t > 0 when Zy > 0; set Y; = 0 for all ¢t when Zy; = 0. Then Y
is a continuous, strong Markov process on [0,00) which satisfies the stochastic differential
equation

dY; = YidW, + Yim(Y;)dt

where 7 is defined implicitly by 7 (4(z))
z—0,

(6.9) W(qﬁ(z))N%—%zQ and  (z) ~ vzl /VPL
L

so that 7(y) ~ % — Ay® as y — 0, for some constant A and § = 2v/B;. Thus, 7 can be
bounded above and below on some interval (0, #(cmax)) by functions of the form § — yy°.

522 + 3(1 —0'(z)). It is readily verified that, as

This defines cppax-
Let Y solve the stochastic differential equation

dY, = Y dW; + Yy(5 — V) dt

(the drift is Lipschitz on (0, ¢(c)), which is all we need). Let u; and %; denote the increasing
functions of (2.3) for Y and Y. By Proposition (5.4), by choosing different values for v we
can make 47 lie completely above or completely below ui. By the results of Section 2,
v1(z, @) = u1(¢(z), ), so the Laplace transform L of (6.6) is bounded above and below by
expressions of the form

ha) [ dz i ($(2), @m(2)

for different values of v. We will find the asymptotic behavior of this expression and show
that it does not depend on +.
The function 41 is the unique increasing solution of Au = au, or

(6.9) y?u” + y(1 — 2yy°)u’ — 20u =0

normalized to equal 1 at ¢(c). We will make a change of variables suggested by KAMKE
(1959), Equation 2.215. This is an excellent source for solutions of such equations. Let
u(y) = y‘/Q_aF(27y‘s/(5). Then F satisfies

zF" + (b—z)F' —aF =0,

with @ = v/2a/d and b = 1 + 2a. This is the confluent hypergeometric equation (KAMKE
(1959), Equation 2.113).
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The solution we want is

ad (a+k—-1)x
Fla,b,z) 222 b+k—1) &

Thus, a solution of (6.9) is u(y) = yV2F(a, b, 2y’ /). The identity F(a,b, )
= e"F(b— a,b,—z) (KAMKE (1959), Section 2.113) shows that u is positive regardless of
the sign of v. Moreover, term-by-term differentiation shows that

u'(y) = ady¥?* " F(a+1,b, 2y’ /6).

This is clearly positive for v > 0, and the identity above shows that it is positive for v < 0
as well. Thus, 41(y, a) = u(y)/u(é(c)).
We have argued above that f}(a) is bounded above and below by expressions of the form

< - _ ¢ u((2)
04)/0 dz i1 (¢(2),@)m(z) = h(oz)/0 dz u(¢(c))m(z)

As a = 0, u(é(c)) — 1. If we substitute in the series for u and the asymptotic form (6.5)

of m, we see that only the first term is infinite as @ — 0. That term is

c \/ﬂi
a)/o dz ¢(z) Bz

Now ¢(z) ~ vz /VBL a5 2 < 0 from (6.8), so we can bound it above and below by a function
of the form 72'/VPL. But we have

a)/cdz szVQQ/ﬂL—lz_ h(a)o V20 ﬁL cV2e/Br 1
0

L V a/BL

as a — 0, regardless of the value of y, 7, or ¢. Thus L(«a) from (6.6) shares this asymptotic
behavior, and the first conclusion of Proposition (6.1) holds with C = K

Brm:

Acknowledgement. I would like to thank the referee for many helpful comments.

19



References

P.H. BAXENDALE and T.E. HARRIS (1986) Isotropic stochastic flows. Ann. Prob. 14, No.
4, 1155-1179.

N.H. BINGHAM (1971) Limit theorems for occupation times of Markov processes. Z. Wahrsch.
verw. Gebiete. 17, 1-22.

N.H. BINGHAM, C.M. GOLDIE and J.L. TEUGELS (1987) Regular Variation. Cambridge
University Press, Cambridge.

L. BREIMAN (1968) Probability. Addison-Wesley Pub. Co., Inc.

D.A. DARLING and M. KAC (1957) On occupation times for Markov processes. Trans. AMS,
84, 444-458.

E.B. DYNKIN (1965) Markov Processes. Vol II. Springer-Verlag Berlin.

K. ITO and H.P. MCKEAN, JR. (1965) Diffusion Processes and their Sample Paths. Aca-
demic Press, New York.

E. KAMKE (1959) Differentialgleichungen Liosungsmethoden und Losungen. 1. Gewdhnliche
Differentialgleichungen. Akademische Verlagsgesellschaft Geest & Portig Leipzig.

Y. KASAHARA (1975) Spectral theory of generalized second order differential operators and
its applications to Markov processes. Japan J. Math. 1, No. 1, 67-83.

Y. KASAHARA (1977) Limit theorems of occupation times for Markov processes. Publ.
RIMS, Kyoto Univ. 12, 801-818.

Y. KASAHARA (1982) A limit theorem for slowly increasing occupation times. Ann. Prob.
10, No. 3, 728-736.

Y. KASAHARA, S. KOTANI, and H. WATANABE (1980) On the Green functions of 1-
dimensional diffusion processes. Publ. RIMS, Kyoto Univ. 16, 175-188.

S. KOTANI and S. WATANABE (1982) Krein’s spectral theory of strings and generalized
diffusion processes, in Functional Analysis in Markov Processes, M. Fukushima, Ed. pp.
235-259. Lecture notes in mathematics 923. Springer-Verlag Berlin Heidelberg.

Y. LE JAN (1985) On isotropic Brownian motions. Z. Wahrsch. verw. Gebiete. 70, 609-620.

D. REVUZ and M. YOR (1991) Continuous Martingales and Brownian Motion. Springer-
Verlag Berlin Heidelberg.

C. STONE (1963) Limit theorems for random walks, birth and death processes, and diffusion
processes. Illinois J. Math. 7, 638-660.

C.L. ZIRBEL and E. GINLAR (1996) Mass transport by Brownian flows. In Stochastic Models
in Geosystems, IMA Volumes in Mathematics and its Applications. S. A. Molchanov,
Ed. Springer-Verlag, 1996.

C.L. ZIRBEL (1997) Translation and dispersion of mass by isotropic Brownian flows. To
appear in Stochastic Processes and their Applications.

20



