Appears in:
Stochastic Models in Geosystems
S. A. Molchanov, W. A. Woyczynski, Editors

1997 Springer-Verlag New York, Inc.

MASS TRANSPORT BY BROWNIAN FLOWS

CRAIG L. ZIRBEL* AND ERHAN GINLARF

Abstract. We consider the motion of a mass distribution in a random velocity field
which is “§-correlated” in time but which has arbitrary spatial correlations. We discuss
the rigorous formulation of this problem in terms of Brownian flows and stochastic
calculus. We use numerical simulations to illustrate the effect of the flow on the mass.
We present results concerning the evolution of the mass distribution and, in particular,
the long-time asymptotics of the center of mass and relative dispersion.

Key words. Stochastic flows; Brownian flows; Mass transport

AMS(MOS) subject classifications. 60H10, 60G57, 76F05

1. Introduction. In statistical fluid mechanics, an important prob-
lem is the behavior of a passive tracer carried by a random velocity field.
The problem is generally difficult, because of the statistical dependence of
particle motions on each other. In this paper we consider this problem with
velocity fields that are “d-correlated” in time but have arbitrary spatial cor-
relations. The spatial correlations make joint particle motions non-trivial,
while the short temporal memory makes possible various explicit calcula-
tions.

We begin with a general description of the mass transport problem,
introducing our notation along the way. Let v be a time-dependent random
velocity field on R?. Let Fy;(x) be the position at time ¢ of a particle that
was at x at an earlier time s. Then the motion of the particle in the velocity
field is described by

(1.1) Fyss(z) = x5 %Fst(m) = v(Fg(z),t), t>s

For s < t fixed, Fy; is a random transformation from R? into R?. The

family F' of transformations Fyg, 0 < s <t < 00, is called a random flow,
since F' satisfies the flow equations

(1.2) F,; = identity for each s > 0,

(1.3) FyoF,, = F,y for0<r<s<t.

Mass transport is concerned with the evolution of a mass distribution
carried by the flow. The mass distribution may be continuous or discrete (a
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2 CRAIG L. ZIRBEL AND ERHAN CINLAR

collection of individual particles). We use the unified formalism of measures
to deal with both cases. Let M;(R) be the amount of mass in region R C R?
at time ¢. In terms of My, the equation for conservation of mass is

(14) Mt(R) = Mo({.%’ eR? . FOt(.Z') (S R})

For t fixed, M; is a random measure on R?, that is, for each realization of
the velocity field (or, equivalently, of the flow F), it defines a measure on
R?. If My has a smooth density po(z), then M; admits a random density
pt(z), and (1.4) is equivalent to the familiar conservation equation

(1.5) %%—V-(pv) =0
The mass transport problem is to describe the evolution of M; in time,
using the probability law of the velocity field v.

An important, much-studied quantity is the mean measure of My,
namely the measure y; defined by p;(R) = EM;(R), where E denotes ex-
pectation (average over the probability space). Commonly, one describes
¢ in terms of its density m; with respect to the Lebesgue measure on R?.
The density my(z) is the mean tracer concentration. There has been and
continues to be much interest in obtaining partial differential equations for
my.

A second order concern is the statistical dependence between concen-
trations at different points in space, for this begins to describe the spatial
structure of M;. Assuming that M; has the (random) density p;(z) at z,
one is interested in the joint distribution of p;(z) and p:(y) for = # y, or
with less ambition, their covariance. Of course, Epi(x) = my(x).

For many applications, it is important to have descriptive measures
of where the mass is concentrated and how spread out it is likely to be.
As we shall see in Sections 4 and 5, mean concentration provides little
information in this regard. Instead, we will emphasize random descriptors
like the centroid C; = (C}) and dispersion matriz D; = (D}’). These are
defined by

i __ 1 4
(16) Ct = W o Mt(d.’L’).Z’ 5
i_ 1 i _ iy (gd —
(1.7) A VA ) Rth(dﬂf)(»’U - )’ =),

(in the case of continuous mass, M;(dz) may be replaced by p¢(z)dx).
Our aim in this paper is to present our results regarding M; in the case
where the random velocity field v is given by

(1.8) v(z,t) = u(z,t) + Up(x, t)
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where u is a deterministic velocity field and Uy is the formal time derivative
of a Brownian motion with a spatial parameter. Formally, Uy is a Gaussian
random vector field with mean zero and covariance given by

(1.9) Cov(Ui(w, 5), UL (u,1)) = @ (z,y)d(t — ),

where § is Dirac’s delta function at 0, and a is a spatial covariance tensor.
The corresponding flow is then called a Brownian flow.

In the next section, we put the equation (1.1) of motion in rigorous form
in the case of Brownian velocity fields (1.8). Also in that section, we give
a brief introduction to isotropic Brownian flows, which figure prominently
in the rest of the paper.

In Section 3 we discuss numerical simulations of Brownian flows, which
are complicated by the presence of stochastic integrals. We prove an error
estimate justifying the use of the Euler method for simulating trajecto-
ries. We use this method to generate pictures of the evolution of mass
distributions in compressible and incompressible isotropic Brownian flows.

In Section 4 we list some results concerning the evolution of My, includ-
ing the stochastic differential equation it satisfies, the partial differential
equations for the mean and covariance of the density p, and some formulas
for the mean and covariance of the centroid and dispersion matrix.

Finally, in Section 5 we specialize to the case of isotropic Brownian
flows. We report on results we have obtained elsewhere concerning the
behavior of C; and D; as t — oc.

2. Brownian flows. A random flow on R? is a collection F = {Fy;
0 < s <t < oo} of random transformations from R? into R¢ satisfying,
almost surely, the flow equations (1.2) and (1.3). These Fy; are defined on
a probability space (2, H,P) in such a way that the mapping (w, s,t, ) —
Fy(w, ) is jointly measurable with respect to the product o-algebra on
QxR xRy xR We call F a flow of homeomorphisms if, almost surely,
all the mappings Fy; :  — Fg(z) are homeomorphisms.

The phrase ‘almost surely’ means ‘for all w in a set Qg € H such
that P(9) = 1.7 One may also substitute ‘with probability one.” The
realization w is usually suppressed as an argument of random variables; for
example, Fy;(w,z) will always be written Fy(x).

In this section we will be concerned with flows which solve stochas-
tic differential equations. First, however, we must introduce the notion
of a Brownian motion with a spatial parameter and define the stochastic
integral with respect to such a Brownian motion. For a comprehensive
introduction to this theory, we refer the reader to KUNITA (1990).

2.1. Brownian motion with a spatial parameter. Let u={u’(z,t);
i=1,...,d, z € R', t € Ry} be a deterministic vector field and let
a = {a¥(z,y); i,j = 1,...,d, =,y € R?*} be the covariance tensor of a
vector-valued random field on R¢. Let U be a Gaussian random vector
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field on R¢ with mean and covariance given by

(2.1) EU¥(z,t) = /tdr ui(z,r)
0

(2.2) Cov(Ui(z,5),U” (y,t)) = a¥ (z,y)(s A 1)

where s A t is the smaller of s and ¢. If u and a satisfy conditions (2.8)
through (2.11) below, then there exists a version of U which is continuous
n (z,t). The field U is called a Brownian motion with a spatial parameter
because it is continuous and has independent increments: if s < ¢, the
random field

U(-,t) =U(-s) = {U(z,t) — U(x,s); z € RY}

is independent of the history of U before s. The field u is called the drift
of U and a is called its covariance. We could have allowed the covariance
to depend on ¢t also, but this generality is not particularly important to us
here. We will often decompose U as

t
(2.3) Ul(z,t) = /0 dr u(z,r) + Up(z, t),

where Uy is a Brownian motion with zero drift and covariance a.
Let X;, t > 0 be a process in R? which is predictable with respect to
the natural filtration of U, and such that fOT dr a"(X,,X,) < +oc almost

surely. The integral of U along X, denoted fst U(X,,dr), is defined to be
the limit in probability of

N-1

Z U(Xgnesteyr At) = U(Xgne, te At)
k=0

as the width of the partition s = tg < t; < -.. <ty = T tends to zero. Here
T > t is some fixed terminal time. This is similar to the usual stochastic
integral, except that all the action takes place in the spatial argument of
U.

For practical purposes there are only a few things we need to know
concerning the integral of U along X . First, using the decomposition (2.3),
the integral can be written as

(2.4) / (X, dr) = / Cdr u(Xor) + / Uo(X, dr)

The first integral on the right side is the usual Lebesgue-Stieltjes integral.
Second, the process fst Uo(X,,dr), t > s is a continuous mean-zero mar-
tingale, and if Y is another predictable process, then the joint quadratic
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variation of the integrals of U along X and along Y satisfies

(2.5) </0tU3'(Xr,dr),/OtUg(YT,dr)> = /0th ai(X,,Y)

These facts will be used repeatedly in the rest of the paper.

2.2. Stochastic differential equation for F. Now we are able to
write a stochastic differential equation for a random flow F' based on the
Brownian motion U:

t
(2.6) Fy(z)==x +/ U(Fp,dr), t>s

Using (2.4) this can also be written as

(2.7) Fu(x) —x+/ dr u(Fy.( / Uo(Fy,,dr), t>s
Suppose that u and a satisfy the conditions

(2.8) lu(z, )] < Ki(1+ |=])

(2.9) lu(z,t) —u(y,t)] < Kalz—yl

(2.10) |a¥ (z,y)| < Ks(1+]z])(1+y])

(2.11) |a¥(z,y) — a¥ (z',y) — a¥¥(z,y") + a¥(2',y)| < Ka|z — 2'||y — ¢/|

for all z,2',y,y" in R? and ¢ in R, , where K1, K», K3, K, are finite con-
stants. Then by Theorem 4.2.5 of KUNITA (1990), there exists a flow
F = {Fg4; 0 < s <t < oo} of homeomorphisms satisfying (2.6) and
such that

(a) the mapping (z,t) — Fix is continuous almost surely

(212) (b) Fity,-..,Fy, 1, are independent when t; <ty < ...<t,

Because of (b), the independence of multiplicative increments, F is called
a Brownian flow.

As a consequence of (2.12), for fixed zi,...,2, in R?, the n-point
motion

{Fot(z1), ..., Fot(zy); t > 0}

is a continuous, strong Markov process, or diffusion, in R?*". The drift of
each component is u, and the joint quadratic variation satisfies

t
(2.13) (Fi, (), Fiy () = / dr a9 (For (2), For(9))
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which can be seen from (2.4), (2.5), and (2.6). In particular, the generator
A of the one-point motion Fy(x), t > 0 satisfies

d d
(2.14) Af(2) = 3 Y alf (2)0:0; f() + Y _ ui(x,1)0; f (), t>0
i,j=1 i=1

where a4(z) = a(z, z) is the ‘diagonal’ of a.

We can interpret (2.13) in this way: if two particles are near each
other, they will move together in concert, since the joint quadratic variation
increases rapidly when Foy:(z) is near Foi(y). If they are far apart, the
joint quadratic variation increases slowly, indicating that their motions are
nearly independent.

2.3. Alternative formulations. We now describe three alternative
ways of thinking about a Brownian flow F' satisfying (2.6). First, under
conditions (2.10) and (2.11), we may write Up as

o
(2.15) Uo(z,t) = ZUk(x)Wk(t);
k=1
where w1, us, . .. are deterministic Lipschitz vector fields on R¢ and W7,

W, ... are independent one-dimensional Wiener processes. The covariance
a of Uy is related to the ug through

o

(2.16) ail (z,y) =Y u(@)ui(y)

k=1

Equation (2.7) for F' becomes, in differential notation,
(2.17) Fs5(x) = z; dFg(x) = u(FSt(m),t)dt+Zuk(Fst(x))Wk(dt), t>s
k=1

This makes clear the relationship of (2.6) and (2.7) to standard stochastic
differential equations. The difference is that in this equation there are an
infinite number of noise terms (otherwise we would limit the class of covari-
ances obtainable via (2.16)) and we are interested in solving the equation
for all z in R? simultaneously.

Second, if we write (2.7) in differential notation, formally divide
through by dt, and write Uy(z, t) in place of Up(z, dt)/dt, we obtain

d

(2.18) Fys(z) = m; %Fst("”) = w(Fy(x),t) + Up(Fst(z),1), t>s
This is of the form (1.1) for velocity fields of the form (1.8). Now Uy is

what is sometimes called a ‘generalized process,’ so its covariance must be
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inferred from integrals of Uy against test functions. For convenience we
choose these to be of the form 1, 4

t 17
E/ dr Uo(x,r)/ dr' Uo(y,r")T

= E(U(,t) - Uo(,9))(Uo(y,t') — Uo(y, ")
= a(z,y)Leb([s, f] N [s','])

t !
/ dr/ dr' a(z,y)d(r —r')

This justifies the following heuristic for equation (2.18): the flow F' is driven
by a deterministic velocity field u plus noise that is d-correlated in time but
spatially correlated with covariance tensor a.

Finally, suppose that v is a mean-zero random velocity field on R?
whose law is stationary in time. For each € > 0, define a flow G* via the
classical equation

d

(2.19) Gos(@) =25 2 Gy(2) = ev(Gy(@) ), t>s
Define another flow F* by F§, = G7,. /.. and consider the limit of F*
as € = 0. Under reasonable mixing conditions on v, plus some draconian
restrictions on the moments of its derivatives, the flows F*¢ will converge in
law to a Brownian flow F' having drift u given by
v’

xJ

d 00
2.20 ui(z) = dr Ev’ (2z,0)=—(z,r
(220) @=3 | Ei @0 g5@n
and covariance a given by a(z,y) = a(z,y) + a(y,z)T, where

(2.21) a(z,y) = /000 dr Ev'(z,0)07 (y,7)

This result is shown in Section 5.6 of KUNITA (1990), along with precise
conditions on v.

2.4. Isotropic Brownian flows. Isotropic Brownian flows are the
Brownian versions of random isotropic flows that have been of interest in
statistical turbulence ever since the seminal work of KOLMOGOROV (1941).
See MONIN and YAGLOM (1971) for an account of the classical case where
F is obtained from (1.1) with v an isotropic random vector field.

Isotropic Brownian flows were characterized and studied by LE JAN
(1985) and BAXENDALE and HARRIS (1986) simultaneously. The following
brief review is taken from their work. The reader may also wish to consult
the review article by DARLING (1989).
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A Brownian flow F' based on a Brownian motion U with drift v and
covariance q is isotropic if and only if

(2:22) u=0; a(z,y) = b(z —y), z,y € RY,

where b is an isotropic covariance tensor, that is, OTb(02)0 = b(z) for
every orthogonal matrix O and every z in R?. Under these conditions, for
every rigid motion R on R?, that is, a combination of translation, rotation,
and/or reflection, the flow G defined by Gs; = Ro Fy; o R~! has the same
probability law as F. In other words, the law of F' is invariant under all
rigid motions of RY.

When d = 1, isotropy requires only that u = 0 and b(z) = b(—=z). The
following condition guarantees the existence of a non-trivial isotropic flow F’
satisfying (2.6) and such that, almost surely, all the maps Fy; :  — Fy;(x)
are C'-diffeomorphisms. See KUNITA (1990), Theorem 4.6.5.

CONDITION 2.1. Ford = 1, both b and b" are bounded and continuous,
and b is not identically constant.

In two or more dimensions, isotropy forces b to have a special form,
due to YAGLOM (1957); see also YAGLOM (1987):

ZZ

(2.23) b7 (2) = bn(I2)di; + Tz FE (br(l2]) = b (l2))

where by, and by are real-valued functions on Ry defined in terms of two
finite measures, ®p and &g, on R, :

(2.24) by (r A/ @ p(ds)Ly,(rs +A/ D5(ds)[Lm—1(rs) — Ly(rs)]

bo(r) = A /O "B ()L (1) — (r5)? Lon 11 (r5)]+ A(d—1) /0 " ®(ds) Lo (r5)

(2.25)

Here m = d/2, A = 2™~ 'T'(m), and Ly,,(r) = Jp(r)/r™, with T denoting
the gamma function and J,,, denoting the Bessel function of the first kind
of order m. The measure ®p gives rise to the potential (irrotational) part
of the flow and @5 to the solenoidal (incompressible) part. Indeed, when
®p= 0, the flow F' is incompressible, that is, it preserves Lebesgue measure.

CONDITION 2.2. Ford > 2, the measures ® p and ®s have finite fourth
moments and put no mass on the set {0}.

Under this condition, bz, and by are C*-functions decaying to 0 at 400,
there exists an isotropic flow F satisfying (2.6), and, almost surely, all the
maps Fy : x — Fy(x) are a C'-diffeomorphisms. See BAXENDALE and
HARRIS (1986).
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The behavior of by, and by near 0 is quadratic:

(2.26) bL(T) = b _%ﬁLTQ_FO(T‘l)a T_>07
(2.27) bn(r) = bo—iBnr®+0(r?), r =0,

where by, B1, BN are strictly positive constants given by

(2.28) by = é@P(o,ooH =L 5.4(0, 00)
3 [ . d—1 [ ,
(2.29) pr = m/o dp(ds)s +m/0 bs(ds)s
1 o 9 d+1 o 9
@30 Ay = g /0 Bp(ds)s? + s /0 (ds)s

Moreover, the maxima of by, and by occur at 0.
Let us set by = b(0) for d = 1. Then for all dimensions, the generator
A of the one-point motion as defined in (2.14) becomes

d

(2.31) Af(x) =4 > b79(0)9,0;f () = tboAf (),

i,j=1
where A is the Laplacian operator. We recognize this as the generator of

a Brownian motion in R? with zero drift and covariance matrix bol.

2.4.1. Lyapunov exponents. The Lyapunov exponents A; > Ay >
... > Mg of the flow are the values taken by the limits

1
Jim —log | DFor(2)¢ |

as the vector ¢ varies over the unit sphere in R?; here DFy(x) is the
Jacobian matrix of the map Fy; evaluated at . The Lyapunov exponents
are deterministic in an isotropic Brownian flow. For d = 1 and b satisfying
2.1, we have A\; = 1b"(0) < 0. For d > 2, they are given by:

(2.32) =2

—1 i
- = =1,...,d.
9 /6N 2/8L; ? ) ’

When F is incompressible, we have ® p= 0 which gives (d + 1)8L =
(d — 1)Bn, and hence the top Lyapunov exponent is

_d

(2.33) A= 2ﬁL > 0.

When F is potential, &5 = 0, we have 81, = 38n, and
d-4

(2.34) M = ——br,

which is negative for d = 2 and d = 3.
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2.4.2. Separation process. For fixed z and y in R?, the distance at
time ¢ between two particles started from x and y is

(235) Zt = |Ft$L' - Fty|

The process Z = {Z;; t > 0} is called the separation process (or pair
distance process) with initial value |z — y|. When F' is isotropic, Z is a
one-dimensional diffusion on R, . Under conditions 2.1 and 2.2, Z satisfies
the stochastic differential equation

(2-36) dZs = \/2(bo — br.(Z;))dW; + (d — 1)%&
t

The boundary point 0 is absorbing and inaccessible from (0,00). When
d = 1, the drift part vanishes, we write b in place of by, and Z becomes a
martingale diffusion.

The following proposition lists the asymptotic behavior of the process
Z as t — oo; see LE JAN (1985) and BAXENDALE and HARRIS (1986) for
the proof. Conditions 2.1 and 2.2 are in force.

PROPOSITION 2.3. The process Z is transient on (0,00) unless d = 2
and Ay > 0. More specifically, if Zg > 0,
(i) ifd > 4 or if d = 3 and Ay > 0, then Z; — 400 almost
surely;
(ii) if d = 3 and A\; < 0, then Z; converges to either 0 or +oo0,
each with strictly positive probability;
(iii) ifd =2 and \y > 0, then Z is null-recurrent and converges
to 400 in probability;
(iv) ifd = 2 and A\; = 0, then Z is null-recurrent;
(v) ifd=2and \; <0, orifd=1, then Z; — 0 almost surely

It follows from this proposition and (2.33) that P{Z; — 0} = 0 for
incompressible flows and in general whenever d > 4. For d < 3, P{Z; — 0}
becomes strictly positive if the potential part is large enough.

3. Numerical simulations of Brownian flows. Our purpose in
this section is to describe and implement a procedure for the numerical
simulation of Brownian flows. Our emphasis is on gaining insight into the
nature of Brownian flows through an adequate simulation method, rather
than on developing high-order schemes or making extremely accurate nu-
merical estimates.

Let F' be a Brownian flow satisfying the equation

t
(3.1) Fy(z) :$+/ U(Fsr(z),dr), t>s

where U is a Brownian motion with drift « and covariance o satisfying
conditions (2.8) to (2.11). In this section we will always take s = 0; for
brevity we will write F; for the map Fyp; and Fyzx in place of Fo(x).
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3.1. Euler approximation method. We will use the Euler approx-
imation to define a collection {Gy; 0 < t < T'} of maps approximating F'
on the interval [0,T]. First, fix a time-step 6 > 0 for the approximation.
Define a partition {¢;} of [0,T] by tx, = kd, k =0,1,.... The definition of
G is recursive: for each z in R?,

(3.2) Gox ==z

(33) Gix = Gtkﬂf + U(Gtk.'li',t) - U(Gth,tk), t e (tkatk—i-l]

Note that the map (z,t) — Gz is continuous.

For the purpose of visualizing the action of the flow, an important issue
is how closely the n-point trajectories under G approximate those under
F when both are based on the same Brownian motion U. The following
estimate shows that the approximate solution G is accurate to order v/3.

THEOREM 3.1. Let T > 0. Then there exists a constant C' depending
on T such that, for alln in N, z1,...,z, in R?, and § < T, we have

n n
B4 Esp Y [Fam - Canl” < Con+ Y [onf’)
t<T m=1 m=1

Proof. First observe that

n n
Esup Z |Fym — Gizm|® < Z Esup |Fyxm — Gizm|?,
T =1 m=1 =T

so we need only consider E sup, . |Fiz — Gyz|? for fixed  in R?. We will
show that this is less than C§(1 + |z|?), which will complete the proof.

To simplify notation, let X; = Fiz and ¥; = Giz. We need to consider
piecewise constant approximations to X and Y, defined by

Xt = thc? 1_/;5 = Y;fw te (tkatk+1]

We can represent Y compactly in terms of Y, for note that by (3.3),

t
Y, =Yy + [ U, dr)

tr

Writing the same expression for Y3, ,Y;,_,,... yields
t —
Y: =a:—+—/ U(Y;,dr)
0

{From (3.1) we have X; = = + fOtU(Xr,dr), so we can apply the Lemma
following this proof to obtain:

t
(3.5) Esup|X, - Y, <Ci(T)E [ dr [X, - T,
r<t 0



12 CRAIG L. ZIRBEL AND ERHAN CINLAR

for all t < T. In order to estimate E|X; — ¥;|?, we add and subtract X;:
(3.6) E|X; — V> < 2E|X; — X;> + 2E| X, — V}?

For the second term, it will suffice to use the inequality E|X; — Y;|?> <
Esupr§t|Xr _}/7'|2' _

Next, we obtain an upper bound for E[X; — X;|?. First, note that by
the definitions of X and X, for ¢ in (g, tg+1] we have

¢
Xt_Xt:/ U(X,,dr)
tr

Thus, using the decomposition (2.4),
2
+ 2E

t 2

UO(XT'J d’l")

tr

t
dr u(X,,r)
tr

(3.7)  E|X;— X;|* <2E

We treat these two terms separately, writing each as a sum over components
1,...,d.
First, by Jensen’s inequality,

t 2 t
E|[ drui(X,,r))| < (t—t)E [ dr(u(X,,r))’
tk tk
t
< 6K1/ drE(1+|XT|)2,
tr

the last inequality by condition (2.8) on u. Second, since fot Ui(X,,dr) is a
mean-zero martingale,

+ 2

Ud(X,, dr)

tr

E = E< tUg(Xr,dr)>

tr

t
= E [ drd(X,,X,)
tr
t
< Ks [ drE(1+]|X,])?
tr
by condition (2.10) on a. Finally, by Lemma 4.5.3 of KUNITA (1990), there
exists a constant Cy > 0 such that

E(1+|X,[)* < 2e%T(1+ |zf)

for all r < T'. We have shown that
_ t
(3.8) E|X; — X;|* < 2d(0K; + K3) [ dr2e“2T(1 + |z?)
th

C5(T)6(1 + |z

IN

for some C3(T") > 0.
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Now let f(t) = Esup,«;|X,—Y,|*. Equations (3.5) through (3.8) show

that for t < T,
204(T [/drC’3 S(1+|z%) /drf ]

Co(T)5(1 + |2?) + 201 (T) /0 dr f(r)

f)

IN

IA

By Gronwall’s Lemma,

ft) < CuT)5(1 + |z[?) exp(201(T)t)
< Cs(T)8(1+ |z?),

which completes the proof. m|

LEMMA 3.2. Let U be a Brownian motion with drift v and covariance
a satisfying (2.9) and (2.11), respectively. Let X and Y be predictable
processes such that fOT dr a*(X,, X,) < oo almost surely; similarly for Y.
Then for each T > 0, there is a positive constant C(T), not depending on
X and Y, such that for all t < T,

/UXT,dr /UYT,dr

The proof is found in the proof of Lemma 3.4.2 of KUNITA (1990). Our
proof of Theorem 3.1 was suggested by the proof of Theorem 10.2.2 of
KLOEDEN and PLATEN (1992).

We conclude from Theorem 3.1 that the second moment of the error
between the n-point trajectories of F' and G converges to 0 as § — 0. This
is good enough for the purpose of illustration, but if we were interested in
more complicated functionals of the trajectories we would want to choose
a higher order method. See TALAY (1990).

For numerical simulations, we want to generate the values of the tra-
jectories at discrete times t1, s, . . . using formula (3.3), which reads

(3.9)Esup
s<t

<C(T /dr|X — Y,

(310) Gtk+1m = Gth + U(Gtkmatk-i-l) - U(Gth7tk)

Consider the random field U(z,tr+1) — U(x,tr) appearing in this equa-
tion. This is a Gaussian random field whose mean and covariance are
/, tt:“ dr u(z,r) and da. Thus, the random field Vj, defined implicitly by

311) U@ tess) = Ule, ty) = / M g () + VEVi(@)

tr

is Gaussian with mean 0 and covariance a. Moreover, the collection {V},
k=0,1,...} is independent and identically distributed.
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Our outline of the numerical simulation procedure will be complete
once we describe how to generate the fields V. For the simulation of
n-point motion, the field V}; only needs to be generated at the points
Gy x1,-..,Gy, Ty, and this can be done in general if need be. A partic-
ularly simple case occurs when a is isotropic, so that a(z,y) = b(z — y) for
some isotropic covariance b. We now discuss this case in detail.

3.2. Spectral method for isotropic vector fields. The spectrum
of a covariance matrix (b’) is a matrix-valued measure f on R? such that

(3.12) be(z) = / ¢ £3¢ (k)
Rd

(YAGLOM (1987) 22.4.68). The spectrum of an isotropic covariance can be
expressed in terms of the measures ®p and ®g which define b via (2.23),
(2.24), and (2.25). We have
(3.13) 18(dk) = ZEE) S p(dlk]) + (65 — S ) @ (dlk)]

. Ed|k|d_1 k|2 P 4l k]2 S
where oy (ds)d|k| is the volume element in spherical coordinates, oy (ds) is
the area element at k on the sphere of radius |k|, and X4 is the area of the
unit sphere in R¢, By = 27%2T(d/2)~" (vacLoMm (1987) 22.4.174).

To generate a realization of V, first fix the number N of modes desired
and let &, (", n = 1,...,N, m = 1,...,d be independent standard
Gaussian variables. Let k,, n = 1,..., N be independent random vectors
in R? with the following common distribution: % is uniform on the unit
sphere and |k| has distribution u, where y is some probability measure on
(0,00) such that &5 and ®p are absolutely continuous with respect to p.
We may choose p. Define functions g and ¥p on Ry in terms of the
Radon-Nikodym derivatives of &g and ®p with respect to u:

dds d®p
14 §=— p=—

Now define the random field V' by setting V7 (z) equal to
1 . J pm ipm
7% Y (€ coskn -+ sin by - 7) (5228 Yp (|nl) + (8jm — T2 )b En)

The following proposition is the justification of this method.

ProPOSITION 3.3. For each N in N, V' has mean 0 and isotropic
covariance b based on ®p and ®g as in Section 2. Moreover, as N — o0,
the finite dimensional distributions of V' converge to those of a Gaussian
random field.

Proof. Consider EV (z). Condition on k,. The variables £ and ¢ have
mean 0, so EV(z) = 0. Next consider EV/(z)V*(y), writing V7(z) as a
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sum over n,m, and V¢(y) as a sum over n/,m’. Condition on k, and k,
to bring out the factor:

E(& cosky -z + (' sinky, - ) (5{{?1 coskyp -+ C,'ﬁl sin k- x)

= Smm: Onnt COS k(T — 1)

The equality follows by independence of the £ and ¢ and by the angle
addition formula. Each of the remaining N terms are identical, so we drop
L 5N | and the index n. A sum over m remains.

Multiplying the factors containing ¥p and ¥s and summing over m
yields, after some algebra,

BV (2)V4(y)
= B ep(kD)? + (6je — 45 )ps(k)?) cosk - (z —y)
- /z(dwnzj,iffl e o kD + (B0 — ) S (kD) cos k- (@ = )
= / et (@0 it ()
Rd

= Viz -y

The integral against isink - (x — y) is zero because the factor inside the
brackets is even under k¥ — —k. By the central limit theorem the finite
dimensional distributions of V' converge to Gaussians as N — oo. O

3.3. Simulations of an isotropic flow. We now describe the par-
ticulars of our simulations of a two-dimensional isotropic Brownian flow.
We begin by choosing the measures ®p and &g which define the isotropic
covariance b via (2.24) and (2.25):

(3.15) ®p(da) = 4(1 - n)p2a36_pa2da

(3.16) bg(da) = 4ns2a3e_3“2da,

where 7, p, and s are positive constants. We will use 7 to vary the relative
strengths of the potential and solenoidal components. In particular, n =1
corresponds to a solenoidal (incompressible) flow and 1 = 0 to a potential
flow.

In two dimensions, formulas (2.24) and (2.25) become

(3.17) by (r) = /oo M<I>p(doz) + /00 Ji (ra)®s(da)
0 @ 0

r
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< Ji(ra)
ra

(3.18) br(r) = /000 Ji (ra)®p(da) +/0 d5(da)

Making use of a table of integrals allows us to show that

(319 bnlr) = (=g ep(=p) + (1 =) e(~1)
(3200 b)) = mesp(=p)+ (=)= g )exp(=)
(3.21) b = 1

1 1 1
622) M= g g

In particular, Ay =0 when n =

We turn to generating isotropicp random fields using the spectral method
described above. We give, for general d, a procedure which is very easy to
implement. First, let k', ..., k% be independent Gaussian random variables
with mean zero and variance . Then the vector % is uniform on the unit

sphere, and |k|2 = (k')? + --- + (k%)? has the gamma distribution with

shape index % and scale parameter % Writing the gamma density ex-

plicitly and changing variables shows that the distribution u of |k| is given
by

[\V]

2
d—1

(3.23) u(dr) = r exp(—;—’y)dr

(27)2T(3)
Now one calculates g and ¢p from (3.14).

Here we are interested in d = 2. The functions g and ¥p are given
by

(3:24) V() = G = s exp(r? (5 =)
B25) ) = TE0) =40 = exn(r? (5 ~ )

We should choose v to make the exponential factor close to 1.
In what follows, we chose p=1,s =2, v = %, 6 = 0.005, and N = 64.
It is important to keep in mind the temporal and spatial scales of the
flow. As noted above, for this flow by = 1, so that the one-point motion
Fyx, t > 0 is Brownian with zero drift and variance given by

Var(Fiz) = t, i=1,2,t>0

The coordinate processes Flz, t > 0 and F2z, t > 0 are independent.
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The covariance b defines another spatial scale. The functions br(r)
and by (r) are positive for 7 less than about 1.5, and they are essentially
zero for r larger than about 7. Recalling the discussion following equation
(2.13), we see that if two points are within about one unit distance of each
other, their motions will be somewhat coherent and they will be likely to
stay together for some time. Points further than about 7 units apart diffuse
almost independently.

3.3.1. The density of a mass distribution. The purpose of the
next two figures is to illustrate the effect compressibility has on the density
of a mass distribution carried by a flow. We follow the motion of 2500
points. Initially, they are evenly spaced on a rectangular lattice with 50
rows and 50 columns. The z and y coordinates both range from -10 to 10.
This approximates a uniform continuous mass distribution.

Figure 1 shows the motion of these points in an incompressible flow
(p = 1) while Figure 2 shows them in a pure potential flow (n = 0). In
the incompressible case, the number of atoms per unit area stays roughly
constant, as it should. The potential case is strikingly different. By time
1.0, there are clearly demarcated cells containing little or no mass, the mass
being concentrated on the cell boundaries.

Two comments on the presentation: The axes are adjusted in each
frame to keep all the points in view. This makes the mass distribution
look less spread out than it really is. Second, due to limited resolution,
closely-spaced points are plotted as though they overlap.

3.3.2. The boundary of a mass distribution. We have seen the
effect of a flow on the density inside a mass distribution. Now we consider
how the boundary of a mass distribution is deformed as the mass spreads
into the surrounding space.

Recall that for fixed ¢, the map F; is a homeomorphism from R? to
R?, so the boundary will be a connected, non-self-intersecting curve for all
time, provided that it was so at time 0. We model the boundary with a
large number of points initially evenly spaced around a circle. We draw it
at each time by connecting the points with lines. The parameters of the
simulation are the same as above.

We begin by presenting simulations of the deformation of a circle of
radius 1, made up of 2500 evenly-spaced points. The incompressible case
is shown first (Figure 3). Recall that the Lebesgue measure of the set
enclosed by the curve remains constant in time. Note how elongated the
distribution becomes by time 7.

The potential case (Figure 4) shows much more elongation combined
with an apparent decrease in the area enclosed by the image of the circle.
Note that between time 4 and time 7, the points are compressed from a
scale of about 3.5 by 4 to a scale of 0.2 by 0.2.

In Figure 5, we increase the radius of the initial circle to 10 and the
number of points to 10,000. This results in an apparent increase in spatial
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Fia. 1. Incompressible case, withn = 1 and A1 > 0. Note that the mass density remains

fairly constant in time.
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F1G. 2. Potential case, withn = 0 and A1 < 0. Note how well-defined the cell boundaries
are at times 1.5 and 1.75.
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structure. This structure is resolved reasonably well in the incompressible
case — the points we followed did not separate too far, except in a few
cases, by time 7. In the potential case, however, some neighboring points
are very rapidly separated from one another, so that we quickly see a few
small clumps of points separated by long distances. We have omitted the
picture since it is not very informative.

Time 0 Time 4
1
0
0.5
-1
0 -2
-0.5 _3
-1
-1 -0.5 0 0.5 1 -5 -4 -3 -2
Time 1 Time 5
2
1.5 0
1 -1
0.5
0 -2
-0.5
1 -3
-1 -0.5 0 0.5 -6 -5 -4 -3 -2 -1 0
Time 2 Time 6
9 0
-0.5
1 -1
0 -1.5
-2
-1 -2.5
-3 -2 -1 0 -8 -6 -4 -2 0
Time 3 Time 7

0 1

-0.5 0

-1 -1

-1.5 5

2 .
-3 -2 -1 0 o -8 -6 -4 -2 0

-1

Fi1Gg. 3. Incompressible case, with n = 1 and A1 > 0. Initial radius = 1. Note how
elongated the curve is by time 7.
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Fic. 4. Potential case, with n = 0 and A1 < 0. Initial radius = 1. Note the rapid

comp

ression between times 4 and 7.
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Time O Time 4

Fia. 5.

Incompressible case, with n =1 and A1 > 0. Initial radius = 10.
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4. Formulas for the evolution of M;. In this section we present a
number of rigorous results and formulas describing the evolution of a mass
distribution in a Brownian flow. Recall from Section 1 that Mj is a finite,
deterministic measure on R? describing a mass distribution at time 0, and
at time t the mass is described by the random measure M; given by

(41) Mt(R) = Mo({l' (S R F()t(l') S R})

Throughout this section we will assume, without further mention, that
F is a Brownian flow on R? satisfying equation (2.6) where U is a Brownian
motion with drift  and covariance a which satisfy (2.8)-(2.11). We will
also write Fyz as a shorthand for Fp(z).

4.1. Limiting behavior. To get our bearings, we first list a result
on the limiting behavior of M; as t — 00. See KUNITA (1990), Theorems
4.3.9 and 4.3.10 for the proof.

THEOREM 4.1. a) Suppose that for all z in R?, the matrix a(z,z) is
strictly positive definite:

d

(4.2) Y (@0)€ >0,  EERY E£0

i,j=1

Moreover, suppose that the one-point motion under F' has an invariant
distribution m with m(R¢) = 1. Then for each Borel subset R of R?,

1t
(4.3) lim — [ ds Ms(R) =n(R) almost surely

t—o0 0

b) Suppose the one-point motion does not have a finite invariant mea-
sure. Then for each bounded Borel subset R of R?,

(4.4) Jlim EM,(R) =0 -

4.2. Stochastic calculus of M;. To understand the evolution of the
random measure My, it is useful to consider the process [ My(dz)f(z),t >
0, for various choices of f. For convenience we will write M;f in place of
J My(dz) f(z). Note that by the definition of My, we have

(4.5) Mf = / My(de) f(z) = / Mo(dz) f (Fyz)

For bounded f, the integral M;f will always exist and be finite. To deal
with unbounded f, we introduce the following condition:

CONDITION 4.2. There exist constants p > 2 and C' < 400 such that
J My(dz)|z|P < +o00 and both |f| and |Af| are bounded by the function
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C(1+|z|)?. Moreover, f € C?>(R?,R) and for eachi = 1,...,d, the function
0;f is of polynomial growth.

If this condition is satisfied, then M;f, t > 0 is well defined almost
surely, and the expectation of M, f is finite. The same is true of f(f ds Mf.
Moreover, if f is continuous, then M;f, t > 0 is also continuous. These
facts and the following result on the stochastic calculus of Myf appear in
ZIRBEL (1995a).

THEOREM 4.3. Suppose that My and f satisfy Condition 4.2.
a) The process M. f satisfies the following equation:

t
(4.6) Myf = Mof + /0 ds M(Af) + Ly,

where L is a continuous martingale with mean 0, given by

d t
(4.7) L=% / Mo(dz) /0 0:f (Fy)Ui (Fz, ds).

The quadratic variation of L can be computed using part (b).

b) Let Ny be a finite deterministic measure on R? and define N; by
Ny = Ngo Ft_l. Suppose that Ny and a function g satisfy Condition 4.2
with p in place of p, and in addition that for z,y € R? i, =1,...,d,

(4.8) |0:f (2)0;9(y)a” (z,y)| < C(1 + [z|)P(1 + |y|)”
Then the joint quadratic variation of Myf and N;g satisfies

d

t
@0 MfNig) = [ s [ M) [ No(an) Y 01@0s00) 2.,
ij=1

4.3. Mean measure, spatial covariance, Laplace functional. It
is quite natural to inquire into the behavior of such simple quantities as
the mean, covariance, and Laplace transform of random variables. Here we
discuss the analogous quantities for the random measure M.

The mean measure y; of My is a deterministic measure defined for each
t >0 by

(4.10) ui(R) = EMy(R), Borel R C R¢

Often, u; will have a density m; with respect to Lebesgue measure. Such
a density is called the mean concentration.

The spatial covariance measure 1; is a deterministic measure on R? x R?
defined for each t > 0 by

(411) nt(Rl X Rg) = EMt(Rl)Mt(RQ), Borel Rl,RQ g Rd
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It is clear that this definition can be extended to any number of factors,
yielding higher moments of M;. If M; has the (random) density p:(z), then
1 will have a density ¢;(z,y) which satisfies

(4.12) ci(z,y) = Epe(z)pe(y)

The covariance of p;(z) and p;(y) is then equal to ci(z,y) — Epi(2)Ep: (y).
The Laplace functional Ly of My is defined for each Borel map f from
R? to Ry by

(4.13) Li(f) = Be~M:f

This is the analogue of the Laplace transform. The Laplace functional
uniquely characterizes the law of M;.

The following result concerns the evolution of u,n:, and L; as t in-
creases. Recall that A denotes the generator of the one-point motion
Fix, t > 0; see (2.14). Recall the notation a4(z) = a(z,z). The adjoint A*
of A is the operator defined implicitly in equation (4.14) below.

We will need the following condition in connection with the density of
the mean measure.

CONDITION 4.4. The function ag is uniformly elliptic: For some § > 0,

d

> al(@)E'e > sl¢P, 2,6 €RY, te0,T]

3,j=1

da  9%a¥
Also, the functions ad Bt DaTHeT ,ub, g + exist, are bounded, and are uni-

formly Holder continuous in R? x [0, T]. i

For the spatial covariance measure, we will need:

CONDITION 4.5. For some ¢ > 0,

> d
DD (@, w6l > 567 + 1), w1, @2,61,6 € RY, £ €[0,T]

p,q=14,j=1

9a*  _9%a% i ou'
) 63:’ 78z 8z'77 )

uniformly Holder continuous in ]Rd x R? x [0,T] and R? x [0,T]. m|

Also, the functions a%

exist, are bounded, and are

PROPOSITION 4.6. a) Suppose that My has compact support and
Condition 4.4 holds. Then p; has a density m; in C**(R? x (0,00)) which
satisfies the advection-diffusion equation:

d
omy ; (Uimt)

i 2 9
ome _ _1
(4.14) ot 2 Z: OxtOxi ad mt) Z ozt

i=1
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b) Suppose that My has compact support and Condition 4.5 holds.
Then n; has a density ¢; in C*%!(R? x R? x (0,00)) which satisfies

dey ., 5?2 g
(4.15) 6— =Alc,+ Aler + 3 Z Toidy (cca?)

3,j=1

where A}, is A* acting on the first argument of ¢, etc.

c) Suppose that My and f satisfy Condition 4.2 and that f satisfies
(4.8) with g = f and p = p. Then the derivative of Eexp(—Mf) with
respect to t equals

Eexp(—M;f)[-M(Af) + /Mt (d) /Mt dy ~f(x)6jf(y)aij(a:,y)]
(4.16)

Proof. a) Denote by P; the transition kernel of the one-point motion
under F, that is, P;(z, A) = P(Fyz € A). By Condition 4.4, the measure
Py(z,-) has a density p;(z,y) which is once continuously differentiable in ¢
and twice in y (KARATZAS and SHREVE (1988), Section 5.7). Moreover, p
satisfies,

Op

= A*p, t
5 >0

where A* acts on the second argument of p; and the first argument is held
fixed.
By the definition of M; and pu;, for Borel R C R?,

/ Mo(dz)E1n(Fy)
_ / Mo (dz) / po(@, y)1R(y)dy,

which shows that u; has a density my(y) = | Mo(dz)p:(z,y). Now My has
compact support and the time and space derivatives of p; are continuous.
This justifies the interchanges of integrals with derivatives in the following
computation, and also shows that m; is in C%*(R? x (0, 00)).

T = [ M) B

/ Mo(dz) A*py(z, y)
= A*mt(y)
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This completes the proof of part (a).
b) This is quite similar to the proof of part (a), except that here we use

the two-particle transition kernel Pt(Q)(:cl,:cz; Ay, As). Condition 4.5 guar-
antees the existence of a density for this transition kernel. The density

satisfies an evolution equation of the form 8%—(:) = A5p?) | where A3 is the
adjoint of the generator of the two-point motion under F'. This operator
is defined implicitly in (4.15).

c) Let g be a twice differentiable function from R to R. By It&’s Lemma,

t t
g(Mf) = g(Mof) + / ¢ (M f)dM, f + L / ¢ (M, f)d(M. f, M. f)
t

= g(Mof) + / o (M, )M, (Af)ds + / ¢ (M, f)dL,

‘ d
+ 3 /0 ds g" (M, f) / M, (dz) / M,(dy) ) 0:f();f(y)a¥ (z,y)

i,j=1

The second equality follows from parts (a) and (b) of Theorem 4.3. Now
let g(x) = exp(—z). Take expectations and the time derivative to give

9B exp(~My f) = ~Fexp(~ M, f) My(Af)

dt
d
+$Bexp(-M.f) [ Mi(da) [ Mitdy) Y 055 @)0,5(5)a" (z.)
i,5=1
This is the desired result. O

4.4. Centroid and Dispersion Calculations. The centroid C; and
the dispersion matrix D; were defined in Section 1. We are now able to elu-
cidate their semimartingale structure and provide some formulas for their
means and covariances. All of these results are consequences of Theorem
4.3. See ZIRBEL (1995a) for more details.

For simplicity we take My(R?) = 1. Suppose that for some p > 2,
J My (dz)|z|P < +00. Define fi(z) = z'. Then C} = M;f?, and by Theo-
rem 4.3,

t t
(4.17) Cy=Cy +/ ds Msu+/M0(dx)/ Uo(Fsz,ds),
0 0

the last term of which is a martingale. We also obtain

t
(4.18) (CH,C7Y, :/0ds/Ms(dx)/Ms(dy)aij(x,y)
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Applying Ito’s formula to CiCY, we get
t t
cic] = cici + / CidCd + / CidCi +(C*,CTY,
0 0

Assume that [ My(dz)|z|* < +oco. Taking expectations drops out the
martingale terms and yields

. . . t . . t . .
ECiC! = CicCl +E/ ds c;Msqu/ ds C9 M
0 0

t
+E / ds / M, (dz) / M, (dy)a¥ (z,y)
0
In other words,
t

(4.19) ECIC] = CiCi +E / ds / M, (dz) / M, (dy) E¥ (z,1),

0
where E¥(z,y) = a (z,y) + z'u?(y) + u’(z)y’. The covariance of C} and
C} can now be computed easily.

By the definition of D, we have

Df = [ Mdn)(e' - Ci)(a? - €)= [ Mifdoa's’ - Cic

Thus, if we set g% (z) = z'z7, we have DY = M;g"/ — CiCJ. By Theorem
4.3 and the fact that Ag¥(z) = E¥(z,z), we have

t ..
Mg = Moyg® + / ds / M,(dz)E" (z,2) + LY,
0
the last term of which is a martingale. Taking the expectation of Dzj yields

(4.20) EDY = DY + E /0 tds / M,(dz) / M, (dy)(E¥ (z,z) — EY (z,y)).

The calculation of (D%, D**), begins by substituting the expressions above
for M;g¥ and C}C{ into (D% 6 D**),. Standard properties of quadratic
variations and part (b) of Theorem 4.3 then yield

t

(@2)(0¥, D4y = [ds [ M.(do) [ Maldy)( - O H @ i)w - Co),
0

where the matrix H is defined by

(4.22) H™" = éiméknaﬂ + 5jm5kna“ + 5im54najk + 5jm5gnaik

with the argument (z,y) suppressed. Note that H has at most four non-
zero entries. One can now calculate ED;’ D} and then the covariance of
D} and D}, as above with Cj.
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5. Centroid and dispersion in isotropic flow. In this section we
specialize to the case of isotropic Brownian flows. We will quickly run
through the results of Section 4 for this case, then report our results con-
cerning the limiting behavior of C; and D, as t — oo.

Throughout this section, F' is an isotropic Brownian flow with covari-
ance b which satisfies conditions 2.1 and 2.2. The initial measure My is
deterministic and satisfies Mo(R?) = 1 and [ Mo(dz)|z|P < +oo for some
p>2.

5.1. Formulas for M;. ;From Theorem 4.1, we see that EM;(R) — 0
for all bounded Borel R C R?, since the one-point motion is d-dimensional
Brownian motion, which has the Lebesgue measure as its invariant measure.
Thus, the mass ‘moves off to 0o’ in some sense.

More precisely, since the transition density of Brownian motion is
smooth, we may rework the proof of Proposition 4.6 without further con-
ditions on b and My to yield the evolution equation for the mean tracer
concentration my:

8mt

ot
which is the heat equation. Similarly, the evolution equation for the spatial
covariance density ¢; becomes

(51) = %boAmt,

6Ct 1 62
57 = sbolact + sboAyci + 3 2 S

i,j=1

(5.2) (cta™)

The formulas for the centroid and dispersion matrix simplify consider-
ably for isotropic flows. The centroid is a martingale satisfying

(53) Cy=Co+ /M()(d.f(}) /OtU(FSSL',dS)

Its covariance is given by

(5.4) Cov(CE,Cf) = /ds/M (dz) /M (dy)b¥ (x — y)
The expectation of the dispersion matrix can be written compactly as
(5.5) ED}’ = D{ + botds; — Cov(Ci, CY).

5.2. Behavior of C; and D; as t = co. The centroid and dispersion
matrix are meant to be rough descriptors of where the mass distribution is
and how spread out it is, respectively. These are very important matters
in any real-world mass transport problem.

Consider, for example, a common pollution remediation problem. A
certain quantity of an industrial chemical has been spilled and is spreading
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underground. One would like to know whether the plume it forms is tightly
concentrated or widely dispersed and, in either case, how far it has moved
from the site of the spill. In the absence of detailed information about the
soil layers and groundwater flow patterns, one needs to take a statistical
approach to design a soil sampling and remediation strategy. The relevant
concerns then are how dispersed the chemical is likely to be, and how far
it may have moved from the spill site.

This is a notoriously difficult problem.

The results we present here are rigorous and exact, but of course are
limited to isotropic Brownian flows. Nevertheless, we believe that this case
captures many of the essential difficulties of the general problem, and may
serve as a useful point of comparison for other models.

It happens that the continuous or discrete nature of My plays an im-
portant role in the asymptotics of C; and D;. Generally speaking, the
presence of a discrete (atomic) component masks more subtle effects which
occur with a non-atomic distribution. If My has an atomic component,
we let o denote the sum of the squares of the masses of the atoms of M.
Otherwise, My is diffuse and we set ¢ = 0. In either case, we have o < 1,
unless My consists of exactly one atom, which is a trivial case we henceforth
exclude.

One further point deserves mention. If we fix the dimension d and
the variance by of the one-point motion, we completely specify the one-
point motion and the evolution equation (5.1) for the mean concentration
mg. Even so, there remains a wide range of possible behaviors for the
centroid and dispersion matrix. Thus, it is not enough to know the mean
concentration of M.

5.2.1. Linear growth rates. The first result is a fairly complete
picture of the linear growth rates of Cov(Cy, C{) and ED; in the long run.
This proposition covers all dimensions d > 1 and all cases except the case
d =2 and Ay > 0. The proof appears in ZIRBEL and CINLAR (1996). It is
an easy consequence of (5.4) and Proposition 2.3.

PROPOSITION 5.1. a) If d > 3 and A\; > 0, then

lim iCOV(Cg,Cg) = boO’(Sz’j, lim diEDZJ = bg(]. — U)(Si]‘

t—oo dt t—oo dt

b) If d = 3 and \; < 0, then
lim 4 (Ci,C9) = bo(1 — p(1 — )83, i 4 ppii =y (1—0)d;;
Jim Gi0oV(CE-OF) = (1 (1 = Wiy, Jim DY =bop(1 o)
where p € (0,1) equals [ My(dz) [ Mo(dy)P{limy_,o |Frz — Fyy| = +o0}.
c)Ifd=1,ord=2 and \; <0, then

d o d._ ..
lim = Cov(C},CY) = bodiy, lim ZED} =

t—oo dt t—oo dt
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Moreover, all these results hold with % replaced by % |

We are interested in how quickly Var(C{) and ED¥ increase, for these
tell how far the centroid may be from its initial location and how spread
out the mass is, respectively. The gist of this result is that for large d and
A1 > 0, dispersion increases at the maximum rate possible, and for small
d and A\; < 0, dispersion is not so pronounced, but the centroid moves a
great deal.

We are able to give more detailed information in two cases, d > 3 and
A1 >0,and d =2 and A\, > 0.

5.2.2. Three or more dimensions. Next, we consider isotropic
Brownian flows in three or more dimensions and with strictly positive
Lyapunov exponent. We will give very exact bounds on the deviation
of Cov(C{,C}) and ED}’ from their asymptotic linear growth rates. The
proof is given in ZIRBEL (1995b).

We need to assume that the covariance b satisfies:

(5.6) / " dz 2(Jbw ()] + b (2)]) < +oo

Essentially, we need by and by to decay faster than Z% as z — oo. Also,

we require

(5.7) Mo (dx) / Mo (dy) log™ < 400
R4 Ra\{z}

|z -yl

where logt 2z = max (0,logz). This says that the diffuse component of
My must not have strong concentrations of mass.

Let s denote the scale function of the separation process Z;, and let
m be the density of the speed measure of Z. Note that s(co) < oo when
A1 > 0, since in that case Z; — oo almost surely.

THEOREM 5.2. Suppose d > 3, A1 > 0, and the two conditions above
hold. Then for allt > 0, and i,j = 1...d, we have

(5.8) |Cov(CY, C}) — bootdij| < K

(5.9) |[ED} — DY — bo(1 — 0)tdij| < K,

where K is a finite constant equal to
[ otaa) [ o) [z ma) @iow b ) a(e0)s(l—pin2)
yF£T 0

Thus, Cov(C}, Ctj ) and ED,’;j stay extremely close to their linear asymp-
totes as t = 0o. More remarkable is what occurs when Mj is diffuse, so
the ‘linear asymptote’ of Cov(C}, CY) is 0.
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COROLLARY 5.3. Suppose My is diffuse. Then, for all t > 0 and
i,j=1...d,

(5.10) |Cov(Ci, ) < K
(5.11) |[EDZ — DY — byté;;| < K

Moreover, the martingale Cy converges almost surely ast — oo to a random
vector Co, with mean Cy and variance bounded by K.

Proof. The inequalities are immediate from the Theorem. The variance
of C} is bounded, so C* is a uniformly integrable martingale, which means
it converges almost surely. O

This is a remarkable result. Apparently, in this case, dispersion relative
to the centroid is strong enough that the centroid, a spatial average over the
mass distribution, converges. This is a sort of strong law of large numbers
for the spatial average, which indicates that the particles making up the
mass distribution have quite weakly dependent motions at long times.

On the other hand, as soon as we have A\; < 0, the variance of C; grows
linearly in time, by Proposition 5.1.

5.2.3. Two dimensions with positive Lyapunov exponent. Fi-
nally, we give a limit theorem for the case d = 2 and A\; > 0. The proof
appears in ZIRBEL (1995b).

We will need two conditions on M. For some € > 0,

(5.12) /Mo(dw)eelml < 400

1

— < 4+
|z —yl

(513) Mo(ds) [ Molay)
R4 RA\{z}

The first condition requires the mass to be localized in space. The sec-

ond condition will be satisfied, for example, if the diffuse component of

My has bounded density with respect to Lebesgue measure. We also need

a condition on the covariance b:

(5.14) / dz z |br(2) + b (2)] < +o0
0
We introduce the notation Var(C;) for Var(C}) + Var(C?), and B; for
D} + D?2.

THEOREM 5.4. Suppose d = 2, A\; > 0, and the conditions above hold.
Then,

(5 15) lim Var(C’t) —2b00’t _ 1

{00 log t QZOUK/OOO dz m(2)(br(2) + bn(2))
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(5.16) lim 2bo(1— o)t —EB, _ 1

to0 logt 7, K /0 " m()(bu(2) + b (2))

where K = lim,_, ﬁ Moreover, if the flow is incompressible and
lim, o0 22br,(2) = 0, then the right side equals 0. O

When M, is diffuse, we have ¢ = 0 and so (5.15) becomes,

(5.17) lim Y2 (C)
t—oo  logt

K o0
= %/0 dz m(2)(br(2) + by (2))

In the incompressible case, if lim,_,o, 22b7,(2) = 0, we even get

(5.18) Var(Cy) < logt
(519) 0 S 2b0t — EBt < logt
as t — oo.

Consider what we know now about two-dimensional isotropic Brown-
ian flows. Beginning with the incompressible case, Var(C}) increases much
slower than logt. As we add a potential component to the flow, A\; de-
creases, and Var(C}) goes as logt. We cross the point Ay = 0 (for which
we have no result as yet), and suddenly Var(C}) is asymptotically linear.
Similar (but opposite) comments apply to relative dispersion by formula
(5.5). Thus it is that the degree of compressibility in the flow exerts a huge
effect on the behavior of a mass distribution in the flow.
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