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Abstract
We study the dispersion of a collection of particles carried by
an isotropic Brownian flow in R?. Of particular interest are the
center of mass and the centered spatial second moments. Their
asymptotic behavior depends strongly on the spatial dimension
and the largest Lyapunov exponent of the flow. We use estimates
for the pair separation process to give a fairly complete picture
of this behavior as ¢t — oo. In particular, for incompressible
flows in two dimensions, we show that the variance of the center
of mass grows sublinearly, while dispersion relative to the center
of mass grows linearly.
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1 Introduction

Our object of study is the long-term spatial spreading of a passive substance

carried by a Brownian flow on R?. Specifically, we are interested in the

measure-valued random process {My; t > 0} where M;(A) is the (random)

mass of the substance contained in the Borel set A at time ¢. For Brownian
flows on compact manifolds, BAXENDALE (1986) and LE JAN (1984), (1985b)

have shown the existence of an equilibrium distribution for M;, that is, weak
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convergence of the probability law of the random measure M, as t — oo,
under certain conditions on the manifold and the flow. Our interest is in
cases where M, is dissipative and, therefore, has no such limits.

Our motivation comes from applied problems in statistical turbulence (see
MONIN and YAGLOM (1971)), oceanography (see DAvIS (1991) for a review),
and groundwater hydrology (see DAGAN (1990) for an account and further
references). In these cases the random flow F' describing particle motion is

not Brownian, but rather solves the classical equation
d
(1.1) @th =v(Fz,t), =z

where Fjz stands for the position at time ¢ of a particle that was at x at
time 0, and v(y, t) is the random velocity at point y at time ¢. The ‘passive
substance’ being carried by this flow may be, for example, a pollutant that
has fallen into the flow, and whose motion we wish to predict based on the
knowledge of the probability law of v. The ultimate goal may be to remove
the pollutant from the flow, or at least to prevent it from hitting certain
regions in space.

We would like to find the probability law of the process M, but this
is far too difficult. Instead, we concentrate on finding the distribution of
various descriptors of M;. For example, the centroid and dispersivity matrix,
introduced below, give a rough measure of the location and spatial extent of
the substance. Also of interest are the diameter of the support of M; and
the surface area of the boundary between the substance and the surrounding
pure fluid. Finally, given a region A in R?, it is very useful to know the
first time the substance hits A, that is, the random time T4 before which
M,;(A) =0 and just after which M;(A) > 0.

At the present time, however, these problems are out of reach for random
flows satisfying (1.1). The current theory deals mostly with low-order statis-
tics of the density p; of M,;, assuming such a density exists. For example,

much effort is expended trying to find partial differential equations for the



mean concentration, IEp,(z). This is equivalent to finding the probability
law of the one-point motion {Fiz; ¢ > 0}, and is much harder than one
might expect because of the complex spatial and temporal dependence in
the velocity field v.

In this paper we consider mass transport by isotropic Brownian flows
on R?. Such flows have complex spatial structure, but simpler temporal
dependence than the flows discussed above.

In an isotropic Brownian flow, single particle motions are Brownian mo-
tions in R, and for each compact set A, Theorem 4.3.10 of KUNITA (1990)
shows that M;(A) — 0 in L' as t — oc. In other words, the flow dissipates
the mass. To understand this process better, in this article we concentrate on

measures of translation and dispersion for the random measure M;, namely

(1.2) Cy = m /Rd M,(dz) x
1 T
(1.3) Dy = 3 /R M,(dz) (z — C)(z — C))

where the superscript 7' denotes transpose; we call these the centroid vector
and dispersivity matriz of M.

The asymptotic behavior of C; and D, is intimately connected with the
spatial dimension, the top Lyapunov exponent of the underlying flow, and
certain characteristics of the pair-distance process. The latter have been
studied for isotropic Brownian flows by LE JAN (1985a) and by BAXENDALE
and HARRIS (1986). We use their results, supplemented by some estimates
for the pair-distance process, to give a reasonably complete picture of the
asymptotics of centroid and dispersivity.

In Section 2 we introduce the basic definitions of Brownian flows and
review some results of LE JAN (1985a) and BAXENDALE and HARRIS (1986) on
isotropic Brownian flows. Section 3 contains the main results (Proposition

(3.5) and Theorem (3.9)) and some discussion. In Section 4 we provide



some elementary computations for the centroid and dispersivity. Section 5
contains the proof of Theorem (3.9), which relies on an upper bound on
the occupation time of a one-dimensional diffusion process. The comparison
theorem of IKEDA and WATANABE (1981) gives the upper bound in terms of

a simpler diffusion process, which is analyzed in Section 6.



2 Brownian flows

In this section we introduce Brownian flows and provide a brief overview of
isotropic Brownian flows. Throughout, (2, H, IP) is the probability space
over which all random variables are defined. The Borel o-algebra will be
used on all Euclidean spaces, and Ry will be used to denote [0, 00).

A random flow on R? is a family F' of random transformations Fj;, 0 <

s <t < oo, from R¢ into R¢ such that, almost surely,

(2.1) (a) Fjs is the identity mapping for each s
' (b) FstoFrs: Tt 0<r<s<t

We assume that the map taking (s,t,w,x) to Fgu(w, x) is jointly measurable.
We think of the random variable Fy;(x) as the position at time ¢ of a particle
which was at x at an earlier time s. For simplicity we shall write Fiz in place
of Foi(x).

Brownian flows

The flows we consider are solutions of the stochastic equation
t
(2.2) Fx=x+ / U(Fsz,ds)
0

The flow F' solves this equation for all z simultaneously. The stochastic
integral here generalizes the usual stochastic integral, for U is a random
field with both a spatial and a temporal argument. More precisely, U is a

continuous Gaussian random field with mean and covariance satisfying

(23) BVt =ul)
Cov(U (. ), U7 (3, 1)) = a¥(z, y) (s A 1),

where s A t denotes the smaller of s and t. We call u the drift and a the

covariance. Under certain regularity and growth conditions on u and a (see
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Section 4), there exists a unique flow F' satisfying (2.2) such that the mapping
xz — Fyz is a homeomorphism almost surely. See KUNITA (1990) for this
result and the general theory of equation (2.2).

The structure of the temporal dependence in U is such that, for s < ¢,
the random field U(-,t) — U(-, s) is independent of the history of U to time

s. The flow F' inherits a similar independence of increments:
Ey,, ..., F,, 4, are independent when t; <1, < ... <1,

For this reason, F' is called a Brownian flow.

Under minimal assumptions on a we may write U as

(2.4) Uz, t) = u(z)t + > ur(z)Wi(t),
k=1
where w1, us,... are deterministic vector fields and Wi, W5, ... are inde-

pendent one-dimensional Wiener processes. The covariance a is related to

U1, Ug, . . . through
a(r,y) = Z Uk(x)uk(y)T-
k=1

Equation (2.2) for F' becomes, in differential notation,
(2.5) dFx = u(Fr)dt + ) ugp(Fx) Wi (dt)
k=1

This makes clear the relation of (2.2) to standard stochastic differential equa-
tions. Note, however, that in this equation there are an infinite number of
noise terms, and that we are interested in solving the equation simultaneously

for all z.

Isotropic Brownian flows

These are Brownian flows whose probability laws are invariant under all

rigid motions of R?. They are the Brownian versions of random isotropic flows
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that have been of interest in statistical turbulence ever since the seminal work
of KOLMOGOROV (1941). See MONIN and YAGLOM (1971) for an account of
the classical case where F' is obtained from (1.1) with v a random isotropic
vector field; also, see BENNETT (1987), BENNETT and DENMAN (1989), and
DAVIS (1991) for applications to oceanography.
Isotropic Brownian flows were characterized and studied by

LE JAN (1985a)and BAXENDALE and HARRIS (1986) simultaneously. The
following brief review is taken from their work. The reader may also wish to
consult the review article by DARLING (1989).

A Brownian flow F obtained from (2.2) is isotropic if and only if
(2.6) u = 0; a(z,y) =b(z —y), T,y € R,

where b is an isotropic covariance tensor, that is, GTb(Gz)G = b(z) for every
orthogonal matrix G' and every z in RY. Under these conditions, for every
rigid motion R on R%, that is, a combination of translation, rotation, and/or
reflection, the flow F defined by F,, = Ro F,;0 R™! has the same probability
law as F'.

When d = 1, isotropy requires only that v = 0 and b(z) = b(—z). To
guarantee the existence of a non-trivial flow of diffeomorphisms, we will as-

sume the following condition.

(2.7) Condition. For d =1, both b and 4" are bounded and continuous, and

b is not identically constant.

In two or more dimensions, isotropy forces b to have a special form, due
to YAGLOM (1957); see also YAGLOM (1987):
ij 22 d
(2.8)  b7(z) = bn(|2])ds + W(’?L(\Z\) —by(lz])), z ER

where by, and by are real-valued functions on R, defined by two finite mea-
sures ®p and ®g on R, ; see (5.13) and (5.14) for the exact form.
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The measure ®p gives rise to the potential (irrotational) part of the flow
and ®g to the solenoidal (incompressible) part. Indeed, when ®p= 0, the
flow F' is incompressible, that is, it preserves Lebesgue measure. See LE JAN
(1985a), page 616.

(2.9) Condition. For d > 2, the measures ®p and g have finite fourth

moments and put no mass on the set {0}.

Under this condition, bz, and by are C*-functions decaying to 0 at +oo,
there exists an isotropic flow F' satisfying (2.2), and for each ¢, the map-
ping x — Fyz is a C'-diffeomorphism. Moreover, b; and by achieve their

maximum value by only at 0, where

1 d—1

Near 0, by, and by are quadratic. We set 8, = —b7(0) and By = =% (0);

these are strictly positive and given explicitly in terms of ®p and ®g. See

(DS(O, OO)

BAXENDALE and HARRIS (1986).

Lyapunov exponents

The Lyapunov exponents A; > Ay > ... > A4 of the flow are the values
taken by the limits
o1
fim — log | DFy(z)¢ |

as the vector £ varies over the unit sphere in R%; here DF;(z) is the Jacobian
matrix of the map F; evaluated at x. These values are deterministic in an
isotropic Brownian flow. For d = 1 and b satisfying Condition (2.7), we have
A = —1b"(0) < 0. For d > 2, they are given by:

d—1
2

(2.11) A= ﬂN—%ﬁL, i=1,....d



When F is incompressible, we have ® p= 0 which gives (d+1)8, = (d—1)8,

and hence the top Lyapunov exponent is

d

(2.12) A= 36 > 0.

When F' is potential, &5 = 0, we have (6, = 383y, and
d—4

(2.13) M = ——Fr,

which is negative for d = 2 and d = 3.

Separation process

For fixed z and y in R¢, the distance at time ¢ between two particles

started from z and y is

The process Z = {Z;; t > 0} is called the separation process (or pair-distance
process) with initial value |z —y|. When F is isotropic, Z is a one-dimensional
diffusion on R, . Under conditions (2.7) and (2.9), Z satisfies the stochastic
differential equation

bo — bn(Z:)

(2.15) A7, = \[2(bo = br(Z,) AW, + (d — 1) =—

dt

The boundary point 0 is absorbing and inaccessible from (0, co). When d = 1,
the drift part vanishes, we write b in place of by, b(0) in place of by, and Z
becomes a martingale diffusion.

The following proposition lists the asymptotic behavior of the process Z
as t — oo; see LE JAN (1985a) and BAXENDALE and HARRIS (1986) for the

proof. Here )\ is the top Lyapunov exponent A; of (2.11) and we assume

T #y.

(2.16) Proposition. The process Z is transient on (0,00) unless d = 2 and
A > 0. More specifically,



(i) if d >4, or if d=3 and A > 0, then Z; — +o0o almost surely;

(i) if d = 3 and A < 0, then Z; converges to either 0 or +oo, each
with strictly positive probability;

(#i) if d = 2 and A > 0, then Z is null-recurrent and converges to

400 in probability;
() if d=2 and A = 0, then Z is null-recurrent;

(v) ifd=2and A <0, or ifd =1, then Z; — 0 almost surely.

It follows from this proposition and (2.12) that IP{Z; — 0} = 0 for
incompressible flows and in general whenever d > 4. For d < 3, IP{Z;, — 0}
becomes strictly positive if the potential part is large enough.

The case d = 2 and A = 0 is a bit of a puzzle. Indeed, LE JAN
(1985a) shows that the invariant measure 7 of Z satisfies 7(0, o) = (v, 00) =
oo for all & > 0, so it is difficult to conclude anything about IP{Z; < a} or
P{Z, > a} as t — 0.
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3 Main Results

In this section we present our main results concerning the asymptotic be-
havior of the variance of C; and the mean of D, as t — oo. Proofs will be
developed in the following sections.

Let F be an isotropic Brownian flow on R¢ with covariance tensor b. We
assume that Conditions (2.7) and (2.9) hold. We write by for the number
b1 (0) = --- = b%(0) and use \ to denote the top Lyapunov exponent A; of
the flow.

Let M, be a deterministic measure on R with My(R?) = 1 and such
that Dy is finite. If M, has an atomic component, let p; be the sum of the
squares of the masses of the atoms; otherwise, set pg = 0. Then py < 1 unless
M, consists of exactly one atom, which is a trivial case.

The measure-valued random process {M;; t > 0} is defined by setting
(3.1) M (A) = My({z € R? : Fiz € A}) = My(F; tA)

for each ¢ > 0 and each Borel subset A of R?. Note that M;(R?) = 1. The
centroid C; and dispersivity matrix D; are defined as in (1.2) and (1.3).

We think of M; as representing a collection of particles (or a continuous
mass distribution), so that My(A) is the total mass in the set A at time 0.
The particles are carried inertly by the flow, and there is neither creation nor
annihilation of mass, so M;(A) is the total mass in set A at time ¢.

We begin with formulas for the covariance of C; and the mean of D;.
Formulas for general Brownian flows are derived in Section 4; this is a special

case.

(3.2) Proposition. Suppose F is isotropic and Dy is finite. Then,
(3.3)  Cov(Ci,Cl) = / My (dz) / My (dy)IE /0 \ds b9 (Fux — Fuy)
(3.4) ED} = DY + bydijt — Cov(Ci, C})

11



Linear growth of Cov(C;) and ED;

The first result is a complete picture of the linear growth rates of
Cov(C?, cy ) and JE D, in the long run. This proposition covers all dimensions
d > 1 and all cases except the case d = 2 and A\ > 0. The proof will be given
at the end of Section 4; it is a straightforward application of the preceding
proposition and Proposition (2.16).

(3.5) Proposition. a) Ifd > 4, or ifd =3 and X\ > 0, then
— i i - L ppii
tll)lg %COV(CU Ct) = b0p06ij, tll)I?& %EDt = bo(l — p0)6ij
b) If d =3 and A <0, then

_d . d
fim — Cov(C}, CF) = bo(1=p(1 = po))dij, fim — ED; = bop(1—-po)di;

where p € (0,1) is given by

p= [ My(d) [ Mo(dy)IP{Jim | Fw ~ Fyy| = +o0}.
c)Ifd=1, ord=2 and A <0, then

d

. d i iy , ij _
tli)lg) %COV(Ct, Ct) = b05ija tli)Ig) _tEDt =0
Moreover, all of these results hold with % replaced by % O

A benchmark for this result is provided by the following example. Suppose
that Ny is a purely atomic measure with total mass 1. Let py be the sum
of the squares of the masses of the atoms. Each atom moves according to
a Brownian motion with zero drift and covariance matrix by, and these
Brownian motions are mutually independent. The random measure N, is
formed by the atoms at their locations at time ¢. This is the classical model

of the diffusion of a collection of particles.
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A straightforward calculation shows that for this model we have
(36) COV(CE, Cg) = b()pNéijt, ED? = Dé‘? + bo(l — ,ON)éijt

Thus, in the classical model, the variance of the centroid increases linearly,
as does the expected dispersivity about the centroid.

Similar behavior occurs for isotropic Brownian flows with A > 0 (which
includes all non-trivial incompressible flows), provided M, has an atomic
component. Indeed, the long term growth rates are exactly as in the classical
model. More interesting effects, however, manifest themselves in the other
cases.

First, when \ > 0 but M, is diffuse, we have py = 0 and so Var(C?) grows
sublinearly, while IED? grows linearly. Hence, at long times, dispersion
relative to the centroid is much more pronounced than the translation of
the centroid. We will give more detailed estimates of Var(C?) later in this
section.

When d = 3 and A\ < 0, both Var(C?) and IED grow linearly, but with
rates different from classical diffusion (when the initial measures My and N
are atomic and identical). As p decreases, there is more translation and less
dispersion. It is worth noting that the value of p is affected by the initial
mass distribution: when M, is more highly concentrated, p will be smaller.
In this way, the initial distribution affects the long-time rate of spreading.

Finally, when d = 1, or d = 2 and A < 0, translation of the centroid is
much stronger than dispersion relative to the centroid. In fact, it is shown
in ZIRBEL (1993) that for d = 1, under certain conditions on b and M, the
scalar IED, grows like /¢ for large t.

Nearly incompressible flows

We will now sharpen the preceding result in the case d > 2 and A > 0

by analyzing the occupation times of the process |Fyx — Fyy| in more detail.
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We require additional conditions on the covariance b and the initial measure

M,. We require that the covariance satisfy:
(3.7) 2(d —1)(bo — bn(r)) + rby(r) > 0, all 7 > 0

This condition is satisfied by incompressible flows and by flows which are
nearly incompressible in the sense that their potential component is small
enough; see the end of Section 5 for details. We also assume that |bz,(r)| and

]

|by ()| decay faster than r—° as r — oo, for some § > 1. Finally, we place a

condition on the initial measure My:

. M, M, log"
(338) [ Motda) [, Mo(dy) log <00

|z -y
where log" 2z = max (0,logz). Roughly, this requires that the diffuse com-
ponent of My not have strong concentrations of mass.

Under these conditions the following result holds. The proof will be given

in Section 5; see (5.10) for the definition of the function m appearing in the

statement.

(3.9) Theorem. There is a continuous function m with m(0) =0 and
limy_ o m(t) < 400 such that, fort >0 andi,j =1,...,d,

(3.10) |Cov(C, CF) — bopodist| < m(t)v't
(3.11) [EDY — D — bo(1 — po)ist| < m(t)v/t

When M, has an atomic component, p, is strictly positive. The new
information here is that the deviation of Cov(C?, C} ) and IEDY from their

linear asymptotes is no more than v/#. In particular, the off-diagonal elements
are bounded by /.

When M, is diffuse, we have a much more interesting situation:

14



(3.12) Corollary. Suppose My is diffuse. Then, fort>0 andi=1,...,d,
(3.13) Var(C}) < m(t)V't
(3.14) DY + byt — m(t)Vt < IED! < D 4 byt

Proof: The upper bound on IED follows from Proposition (3.2), the rest
is immediate from Theorem (3.9) using py = 0. O

Thus, a continuous mass distribution in a nearly incompressible isotropic
Brownian flow exhibits classical spreading of mass relative to the centroid,
but the centroid itself moves much less than in the classical model. It would

be interesting to find the ezact rate of growth of Var(C}).
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4 Centroid and Dispersivity Calculations

Our purpose here is to provide formulas for the mean and variance of the
centroid and dispersivity of the random measure M, as it is carried by a
Brownian flow F' with drift v and covariance a. We assume that u and a

satisfy, for some K > 0,

(4.1) u(z)] < K(1+ [z)
(4.2) u(z) —uly)] < Klz—yl
(4.3) 0¥ (z,y)| < K1+ |z)(1+]yl)

(44)  a¥(z,y) — a’(d,y) — a¥(z,y) + " (2, )| < K|z — 2’|y — /|

for all z,2',y,7 in RY and 7,5 = 1,...,d. As mentioned in Section 2, under
these conditions, there exists a flow F' of homeomorphisms satisfying (2.2).
See KUNITA (1990), Theorem 4.5.1.

Suppose the measure M, is such that Cy and Dy are well-defined and
finite. Normalize by setting My(R?) = 1. We claim that, for each ¢, C; and
D, are well-defined and finite almost surely. We need the following L? bound
from KUNITA (1990), Lemma 4.5.3: for each p > 0, there is a constant C(p)
such that,

(4.5) E(1 +|Faz?)P < P14 |z|?)P, t>0.

For Cy, observe that |z| < (1 + |2[%)Y/2 <1 + |z], so that
B[ Mdo)s| < [ Mo(da)BE(1+ |Faf)?
R R

< [ Mo(d)e®D (1 + [z])'”
R

< 400

Thus [pa My(dz)|z| < 400 almost surely, so C; is well-defined and finite

almost surely. The proof for D, is similar.
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We will decompose U as
(4.6) U(z,t) = u(z)t + Uy(z,t)
so that equation (2.2) becomes
(4.7) Fx=x+ /Otds u(Fyz) + /OtUO(st, ds)

Since Uy is a Gaussian random field with mean 0 and covariance kernel
a(z,y)(s A t), the last integral in (4.7) defines a square-integrable martin-
gale, and the joint quadratic variation of the semimartingales F/z and Fg Y
is given by

(4.8) (Fix, Fly), = /Otds al (Fyz, Fyy).

See KUNITA (1990), Theorem 3.2.4. The following summarizes a few results:

(4.9) Lemma. Fort>0andi,j=1,...,d,

(4.10) FFx=x+ ]E/Otds u(Fsx)

(4.11) B(Fi)(Fjy) = o'y + I [ ds A7(Fyz, Fy)
where

(4-12) A (z,y) = 0¥ (z,y) + 2" (y) + ' (2)y’.

Proof: The result for IFF;z is immediate from (4.7) since the last integral
in (4.7) defines a martingale.

For (4.11), we start with the integration by parts formula:
, , o t : L . S
(Fiz)(Fiy) = o'y’ + / Fiz dFiy + / Fiy dFiz + (Fiz, Fiy),
0 0
Using (4.7) and (4.8) and the notation (4.12), we get

i . L t L. t . i t i
(13)(Ffa) (Ffy) = o'y + [ ds A9 (P, Fug) + [ Fia dy} + [ Fix dX]
0 0 0

17



where X, stands for the martingale part of Fiz and Y; for that of F,y. The
proof of (4.11) follows from (4.13) once we show that the stochastic integrals
on the right side are in fact martingales. We will do this for the first; the
proof for the second is similar.

Recall that the quadratic variation of Y7 is also that of FYy. By virtue
of (4.8), we have

t . ) t .
E [(Fapdy’, v, = B [(Fa)a(Fy, )
0 0
t
< K [ ds BIFaf(1+ |Fy))?,
0

which is finite by the Cauchy-Schwartz inequality and (4.5). Thus, [ Fiz dY/
is in fact a square-integrable martingale. 0

We can now easily derive formulas for C}.

(4.14) Proposition. The centroid satisfies:
t
(4.15) EC, =Cy+ /Mo(dx)E/ ds u(Fyz),
0
. . t .
(4.16) ECIC] = Cici + / Mo(dz) / Mo(dy) E / ds AY(F,z, Fyy)
0
Proof: First we calculate formally, using the result of the previous lemma.
EC, = E / My (dz) Fyz

- / My (dz) EF,z

= [+ B [ ds u(F,z))

ECIC = [ [ My(dz)Fiw [ Mo(dy)Fiy
= [ My(dw) [ Mo(dy) EFzF}y

= / My(dz) / My(dy) (= +E/0td514” (Fsz, Fyy))
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These yield the desired results after rearranging. The interchanges of inte-
grals are justified by using (4.5) to show that the integrands are absolutely
integrable. 0

Finally, we come to Dj.
(4.17) Proposition. Fort >0 andi,j=1,...,d,
ED} = DY + [ My(dz) [ Mo(dy)E | 45| AY(Fyz, Fya) — AY(Fyz, Fuy)]
where AY(z,y) = a¥(z,y) + ' (y) + u'(z)y’.
Proof: Write DY as follows
(4.18) pi = / M, (dz)(z — Ci)(a? — CY)
= /Mt(dx)xixj —Cic}
- / Mo(dz)FjzFjz — CiC]
Now use the previous two results:
EDY = DJ+ / Mo(dz) E /0 ‘s AV (Fyz, Fyx)
~ [ My(dz) [ Mo(dy) B /0 ‘s A% (Fyz, Fyy)

Interchanging integrals and recalling that My(RY) = 1 yields the desired

result. 0

Proof of Proposition (3.2)

If F is isotropic, then v = 0 and a(z,y) = b(z — y), and it follows that
A defined by (4.12) has the form A(z,y) = a(z,y) = b(x — y). Thus, we get
EC; = Cy from (4.15), the formula (4.16) becomes (3.3), and the formula of
(4.17) yields (3.4). O
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Proof of Proposition (3.5)
From (3.3) we have

(4.19) %Cov(C},C{) = [ My(dz) [ Mo(ay) BV (Fix — Fiy)

Recall that we are excluding the case where d = 2 and A > 0. In view of
Proposition (2.16), the Markov process | Fyx — Fyy| converges to 0 or +00, and
b(z) — 0 as z — oo by Conditions (2.7) and (2.9). Thus, letting ¢(|z —y|) =
P{|F,x — Fyy| — 0}, for x # y we get

0 ifd>4,orifd=3and A >0
Jim Fb9(Fiz — Fy) =< bog(Jlz — y|)di; ifd=3and A <0
= body; ifd=2and A<0,ord=1

On the other hand, for z = y, we have b" (F,z — Fyy) = byd;; for all t. Putting
these into (4.19) we obtain the results claimed in (3.5) for Cov(C?, C{). The

results for JED} are now immediate from the formula (3.4). Moreover, 4
can be replaced by %, since % (t) — c implies %f(t) — c. 0
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5 Nearly incompressible flows

This section is devoted to the proof of Theorem (3.9). The idea of the proof
is as follows. Define Z(t) by

(51) I(t) = |COV(Cz: Cg) - bﬂpﬂéijt‘a t>0
First, we bound Z(t) above by an occupation time of the separation process
.

00 t

T() < [ pld2)E* [ ds f(Z)

0 0
where p is a finite measure and f is decreasing. Next, we change variables via
Y; = ¢(Z;) to obtain a process Y on R which has a simpler form. Then we use
a comparison theorem to find a process X such that X; <Y, almost surely,

which gives an upper bound on the occupation time of Z. The asymptotic

analysis of X is done in Section 6.

Proof of Theorem (3.9)
a) Fix ¢ and j such that 1 <4,j < d. From (3.3),
Cov(Ci,CJ) = / Mo(dz) / Mo(dy)E /O s bi(Fyz — Fy)
= bopodist + /]R  My(dx) /R Mo(dy) E /0 \ds bi(Fyz — Fy)

A\{z}

Here, pg is the sum of the squares of the masses of the atoms of M. Then,

t .
() = |[ My(dz) / Mo (dy)[E / ds b9 (Fyz — Fsy)‘
R4 R4\ {z} 0

t .
< / Mo(dx) / Mo(dy)IE / ds |69 (Fyz — Fyy)|
R4 RN {z} 0
Now by (2.8), for each z in R?,
22 22

b(z) = (8 — W)bzv(\z\) + WbL(\ZI)-
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Note that % is in [—1, 1], so,

(5-2) 07(2)] < 20bw (D] + [be(zD] < f(I2])

for some strictly decreasing function f with f(0) = 3by and such that f(r)

4

decays faster than r~° as r — oo, using the assumption made on |b;| and

|by| for Theorem (3.9). We have shown that
t
(53  I() < [ M) [ Mo(dy)E= [ds {(Z)
R4 RN\ {z} 0

00 t
= [ olE [ds f(2,)
0 0
where Z is the separation process. The notation IE* means that the stochastic

process in the expectation (in this case, Z) starts at z. The measure p is
defined by its integral against Borel h: R, — Ry :

Ga) [T eldrE) = [ Molde) [, Mo(ag)h(e )

Note that p has no mass at zero, and that p(R.) = 1 — py, where pq is the
sum of the squares of the masses of the atoms.

b) Now we set ¥; = ¢(Z;) to obtain a process Y which is suitable for
applying a comparison theorem to bound IE~? f(Z,;) above. Recall from (2.15)

the stochastic differential equation for Z:

07, = \/2(bo — by (Z0))dW, + (d — 1)b0_bZMdt
t
Define ¢ by
(5.5) 0<z<o0

z dr
o(z) = [ S

This integral is well defined, ¢ is strictly increasing, and ¢ maps R, to all
of R since by — by, is quadratic near the origin. Let Y; = ¢(7;). Using Itd’s

Lemma we see that Y satisfies

(5.6) dY; = dW,+ 2(d — 1)(bo — b (Z0)) + Zib, (Z,))dt

ZZtO'(Zt)
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which defines the drift x4 implicitly. Condition (3.7) was imposed to ensure
that p(y) > 0 for all y. Moreover, as y — —oo we have z — 0, and thus

. . 2(d—1)(by — by(2)) + 2br'(2)
(5.7) Jm p(y) = lim 221/2(b — b1(2))
= lim (d=1)Bn2* — 2812
z—0 QZW
(d—1)8n — Br

2V
A

VL

which we have assumed to be strictly greater than zero. Thus for some a in
R and some § > 0 we have u(y) > 6 for all y < a. Thus u(y) > 01— q0)(y)

for all y in R.
c) Let X solve the same equation as Y but with drift §1(_q 4):

(58) dXt = th + 01(_00,@ (Xt)dt

By the comparison theorem of IKEDA and WATANABE (1981) (Theorem 1.1
of Chapter VI), if X and Y start at the same point, then X; < Y; almost
surely since the rightward drift of Y is larger than the drift of X. Thus, if
g : R — Ry is decreasing,

EYg(Y;) < E"9(X)

Where IEY means that the stochastic process in the expectation begins at y.
Setting g = f o ¢! shows that

Ef(7) < F¥9g(X))
Combining this with (5.3), we obtain
o0 t
(59) () < [ e(a)E [ ds f(2)
0 0
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IN

7 otz %) [[as g(x,)

= /Rn(dx)Ew /Otds 9(X

where we have set n = po ¢~ . Now define m by m(0) = 0 and

(5.10) m(t) = & [ n(dn)m* [ s g(X)), >0

Clearly, m is continuous and Z(t) < +v/tm(t). It remains to show that
lim;_, o m(t) < 400.
d) We give a general result on occupation times of the process X in

Section 6. In order to apply it, we need only show that
[e'S) 0
/0 dz g(z) < 400, / n(dzx)|z| < 4o0.
Then we will be able to conclude that
: — 8 20(58*0.)_
(5.11) Jlim m(t) n(R) [/ dz g(z)e

—00
= (1—po)y/2 / 20(8(z)-0)"
e bo—bL

where (¢(z) —a)” = min (é(z) — a,0). The middle quantity is clearly finite.
First we consider the condition on g. Using x = gb(z) to change variables,

/d:vg / dz bo—bL( )

This is finite since f(z) < Cz7° for z large enough and § > 1.

Finally, we show that [°__7n(dz)|z| < +oc. This requires an estimate on

the function ¢, which in turn depends on the following property of by.
(5.12) Lemma. For some oy, as,v1,7 > 0, we have

Yo ANagz < 4/2(bg —br(2)) < M1 Az, z ERy
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Proof: The following facts suffice: the function by — by is quadratic near
the origin, continuous on R, and is strictly positive away from the origin.
Moreover, lim,_,, by — br(2) = by > 0. 0

Write «,v for a;,7;. By the definition (5.5) of ¢ and the preceding

lemma,
z dr Z dr z dr
6(2) > =/ +/
1 YyANar 1 yAar 1 vANar
Lz—-2) ifz>72
C+{%log% if z <2
Finally,

QR

[ el = [ ol -0(2)

— 00
x

< 7 pldz)(=C = L1og %)
e

= —(C+Llog2)p(0,2) + L [ p(dz)log
0

But this is finite by condition (3.8) and the definition (5.4) of p. This suffices
to show that [°__ n(dz)|z| < 400, which ends the proof of Theorem (3.9). O

Condition (3.7)

Finally, we will verify that condition (3.7) always holds in an incom-
pressible isotropic Brownian flow, and we will also see when it holds for a
compressible flow.

We will need the following explicit formulas for b, and by:

(5.13) br(r) = Anm /Ooo ®p(ds)[Lyn(rs) — (18)*Lyns1(r3)]
+H(d—1)Ap /0 ~ ®g(ds) Ln(rs)
(5.14)  ba(r) = A, /0 B p(ds) Lo (rs)

YA, /0 " ®5(ds) [ Ln1(rs) — Lin(rs)]
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Here m = d/2, A,, = 2™ 'T'(m), and L,,(r) = J,(r)/r™, with T denoting
the gamma function and J,, denoting the Bessel function of the first kind of
order m.

We will compute 7 (r) directly from (5.13). First, elementary compu-
tations and the Bessel identity zJ! (z) = zJ,,—1(z) — mJ,,(z) can be used to
show that for m > 0 and n > 0,

r%[(rs)”Lm(rs)] = (n—2m)(rs)" Ly (rs) + (r8)" Ly,_1(rs)

Thus, omitting the argument (rs),
() = An | cpp(ds)rdi[Lm — (r5)’ L]
0 r

oo d
+(d—1)Anm /0 Ps(ds)r oL

= A, /Ooo ®p(ds)[2m(rs)? Loy — (2m + (18)?) Ly + Lyp_1]
H(d— 1A, /0 " B (ds)[~2mLim + L]
= (d—1)(bn(r) — br(r))
A [ Op(ds)[(r) Lt = (2m+ (r9)*) L+ L]
Another Bessel identity gives (75)2Ly,11 — 2mL,, + Ly, 1 = 0, so we are left
with
(5.15) rby(r) = (d—1)(bn(r) — br(r)) — Ap, /Ooo ®p(ds)(rs)? Ly (rs)
Thus the quantity in condition (3.7) is
2(d —1)(bo — b (r)) + 70 (r)
= (d—1)(2bp — bn(r) — br(r)) — A /000 ®p(ds)(rs)? Ly (rs)

Now for all » > 0 we have by(r) < by and br(r) < by, so when ®p = 0,
this is clearly positive. Moreover, when ®p # 0, this adds to the right side
another continuous function which is quadratic near the origin. If this term
is bounded, then for ®p small enough, condition (3.7) will still be satisfied.

Boundedness is automatic for d > 3.
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6 Diffusion with step drift

In this section we consider the diffusion X which solves the equation
(6.1) dX; = dW; + p(Xy)dt

where W is the Wiener process and the drift u takes a very simple form:

0 ifr<a
(6-2) ’u(x)_{T ifzx>a

The transition function of X is known; see KARATZAS and SHREVE (1988),
Chapter 6, Section 5. We are interested in the case § > 0 and 7 = 0. Our
purpose is to develop asymptotic results for occupation times of X.

For each z in R, we use IE* to denote the expectation in which X, = =
almost surely. Let n be a finite measure on R. The following result concerns

the limit as t — oo of the occupation time A defined by

h(t) = /R n(dz) B /0 ‘ds g(X

for a positive bounded function g decaying to 0 as x — oo. It is not enough
to show such a result for each z individually and then integrate with respect
to n; much of the proof is concerned with showing enough uniformity of

convergence to be able to integrate with respect to 7.

(6.3) Proposition. Let § > 0 and 7 = 0. Suppose that

(6.4) [Tz g@) <o, [ Ooon(dx)|m\ < too

Then,

(6.5) hm\// (de)E /dsg \f/dxg (20(e=0)

where (x — a)” =min (z — a,0). a0
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(6.6) Remark. In the case § < 0 and 7 = a = 0 we can prove a similar
result by similar means. Suppose g(z) decays exponentially (or faster) as
T — —00, that lim,_, g(z) > 0 and that [°__ n(dz)e”l < +o00. Then

. 1 —2.75_
tli)rglo%/kn(dx /dsg [/ (dz)( ),
which is finite. This was used in ZIRBEL (1993) to prove the result for d =1

mentioned after Proposition (3.5). 0

Proof: Proposition (6.3) will follow from consideration of the Laplace trans-
form of the occupation time h. Let pi(x,y) denote the transition density of

X. Then the Laplace transform h of h is given by

(6.7) h(s) ::‘A“e—nh@ﬁ)
— Awﬁaﬁémmqéwm@wM@)
_ /R n(dz) /R dy 9(y)Us(z, )

where Us(z,y) = [5° dt e *'py(x,y) is the density of the potential kernel of
X.

Let us take @ = 0 for now. It is straightforward to take the Laplace
transform of p;(z,y) (given in KARATZAS and SHREVE (1988)) to find the
following formula for U(z, y):

Aemam=aV2+m L 1 oy B(T) ifz >0
Ae@0+aV2s+0% 4 liyy<yB(9) ifz <0

69 U=

where

2
T T—0+v2s5 1225102 [1y<o)

2 _ 2 2
eYotyv2s+o + 1{y YT YV 2s+T ]

>0}

B(O,/) _ e(;/s_:)o;[ —|z—y|v2s+a? —|m+y|v25+a2]

Using this expression, we will show that \/sh(s) — C as s — 0.
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We write \/53(5) =T, + I + I3 where T,,7,, and Z3 are defined by

I, = —_H\/Qi%Jr\/Z—S[/_OOOn(dx) g wOtaVastoT /Ooon(d:r) e V)
x [ /_ Ooody gly)ev Vo 4 /0 dy g(y)e V]
L = 5 Ooon(dx) /Ooody gly)(e 1 vV — o V)
L = ln [ atdn) e [ dy glyer(e VI ey

Now we turn to the treatment of terms Z;,Z,, and Zs.
Consider Z; first. Multiply the prefactor above and below by 6++/2s + 6%+

V25 to obtain
2v/5(0 + /25 + 0% + \/25)
4s + 24/452 + 2562

The limit of this as s — 0 is v/2. The sum of the integrals with respect to

n converges nicely to 7(R). The remaining factor converges to its value at

s = 0. Hence

69 tmZ = Va@([ dy o)+ [ dygly)]

= VIn(®) [dy g()e™”

where ¥y~ = min(y, 0).

Next, consider Z,. We will show that Zo — 0 as s — 0. Both terms in the
integrand are monotone as s — 0, so the monotone convergence theorem can
be applied to each separately. The first term converges to %n(ﬂh) Ioody g(y),
which is finite by condition (6.4). The second term converges to the negative
of this; thus Zo — 0 as s — 0.

Finally, consider Z3. We will show that Z3 — 0 as s — 0. The prefactor
V/5/v/25 + 62 converges to 0. We will show that the integral converges to a
finite, positive value. Note that for z,y < 0 we have z + y < —|z — y|, so

75 is positive. Neglect the second term in the integrand. The first term is
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monotone, so its integral converges to

(6.10) /Ooo n(dx) /O dy g(y)ee(—mﬂ/—lz—y\)
= /0 (dz)] / dy g(y)e 20(—a+y) /:dy 9(y)]
< ol [ ntde)ie /_ dy ™+ [a]

= loll [ nld)lg + I

This is finite by condition (6.4), so Z3 — 0 as s — 0.
We have shown that

lim v/5h(s) = V2n(®) [ dy a(u)e*".
s R
Now we appeal to the Tauberian theorem given in FELLER (1966) vol. 2:

(6.11) Theorem. For v > 0, lim,_,s"h(s) = D(y + 1) is equivalent to
limy o0t Th(2) = 1. 0

Thus, with v = 1 and I'(3) = 1/, we obtain

(6.12) Jim Joh(t) = n(®)\/2 [ dr g(a)e,

which completes the proof in the case a = 0. The general case can be reduced
to this one by setting Y; = X; — a. The drift of Y jumps at y = 0. O
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