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Time 0.2
z�O�x3FI¬*l�htFIHXa
lÐrKDPOYJoa�Ó�L]lPHc Xa+OoF[HXh«F[H¡JUTXa&D���aflPHy^
� ¢�l�OYJmFI��gsaw¬�Dfrta�Z�FIH JUTXawÇ3abgI )lP�+��D�OU cFIHXh�JmD
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Particle trajectory.  Time 0 to 10.

á a�LNDPWcg[ �g[FIQPa/JUD¡Q@HcDfL l�g[gâl�¤�DGW�JwJUTXaÐ¢cOoD@��a�ZoZ ×}ØÂÚ]Û"ã �XäyFsJUZw¬ÔaflPHyx{r�lnOUF[lPHc��aGx
 cF[ZEJoOoFI¤3W�JUF[DPH l<JNJUF[¬�a Û xXa+JU��^
¨ TXa
§Ál�hGOUlPHXhtF[lPH«rGabgID@�+FsJ¼uÔ¢cOoD��+a�ZRZMFIZ�Ë�A ×«Ø�ÚRÛ d Ú>ÛNã �X^>ÒcDPO¿JUTcFIZ¿a¥Ó3l�¬�¢3gIaPxtFsJUZeJ¼LND
�+DG¬�¢`DPHXabHtJUZMgID@DPQ¡gIFIQGaPÕ
F[H

0 1 2 3 4 5 6 7 8 9 10
−4

−3

−2

−1

0

1

2

3
Two components of Lagrangian velocity

Time

A ¨ TXa+u lnOoa
rta+OYu¡OoDGWXhtT ¤{ab��lPWcZYa"JmTXa
rta�g[D��+FsJvu�Ç3abgI �Ë F[Z,lPH�z�OoHcZEJUa�F[H�È@p�TcgIa�HK¤�a��mQ
¢cOoD@��a�ZoZ]FIHÑJUF[¬ÔaG^Cd
å H�hGa�HXa+Oml�gÌFsJjF[Z]rta+OYu) cFsæ���WcgSJ]JUD*ZUlbu L,T3lnJ£JmTXaÐgÍlbL DP©âJmTXaÐ§Ìl�hPOml�HXhtFÍlPHÑrtabgID@�+FsJ¼u
¢cOoD@��a�ZoZ£FIZ�^ å JjFIZ]F[¬�¢�DPOYJmlPHKJ¿JUD«Ç�Hc )��lPZYabZ£FIH L,TcF[��T�DGHXa/��lPH L£OoFSJUaq cDfL,H�FSJUZ,g[lbL
a¥Ó3lP�¥JUgsuG^
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ë AÉì ÚRÛ d Ù Ë�AÉì Üí× Ø ÚYÛ d Ú ì!î!ïfðtñ
z�©e��DPWXOUZYaPx ë Aò� ÚRÛ d Ù Ë�A × Ø ÚYÛ d�^ ¨ TXa}Ç3a�g[  ë lPgIDGHXa}¬*lbu)�+DGHtJmlPF[H!abHcDPWXhtTóFIHX©ÉD�OYô
¬*lnJUFIDGH�JmD�JoabgIg�TcDfLõJUTXa
rtabgID@�+FsJ¼u�L,FIg[g`a�rKDGgsrGa"F[HÑJUTXa"©5W�JUWXOoaP^

öÐ÷ =Kø�.1=@ù å ©¸ËúF[ZûTcDG¬�DPhPabHXa�DGWcZªl�Hc Ôü!l�ORQtDfr`x1JUTXa�H ë F[Z�ü)l�ORQtDfrÐl�ZÅLMa�g[gò^ûü²DPORa¥ô
Dfrta+ObxtDGHXa,��lPHÔL£OoFsJoa] cDfL,H}JmTXa]JoOUlPHcZRFsJUF[DPH«¬�lnJoOUFýÓ}DPO�hGabHXa+OUlnJUDPO(D�© ë x�l�Hc �ZRDqÇ�Hc 
FsJUZNg[lbL&^

� ZYQþ©5DPO/JUTXa l�OYJUF[�+gIa ÿmü)l�ORQtDfr�rta�g[D��+FsJvu�Ç3abgI cZ}lPHc 7JUTXa¡hGa�HXa�OUlPgIF � ab 7§Ìl�hPOml�HXhtFÍlPH
rta�g[D���FSJvu��Ð¤�u)Vj^�§�^���FsOR¤�a�g¸D�O]ZYa�a!ÿ ¨ WXOR¤3WcgIa�HKJN cFsà`WcZoFIDGH�FIH�ü)l�ORQtDfrXF[lPH¡Ê�DfL,Z���¤�u
� ^3Ò3lPHcHnBEFÍl�HXh�lPHc  ¨ ^��
DG¬�DPOoD1L,ZYQ@Fò^
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 µEÆX¶¸³c¹Ì´X¹ è ±�³�é:»âÀ À¿¹Å·v»£¶¸µ¼´GÃ Ä"¹Å·E¾
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k@WX¢c¢`DPZRa
JUTXa)ÿRD��+ablPH��}��DPHcZoFIZEJmZ�DP©ûl}hPOUFI ÑL,FSJmTÑ¢�a+OoF[D� cF[�j¤�DGWcHc 3l�OYuÑ��DPHc cFsJUF[DGHcZ+^

 .1ø���ø��f2��f25ø�� å ©�Ë F[Z"TcDG¬�D�hGabHXa�DGWcZ"lPHc  ü)l�ORQtDfr�x�JUTXabH$Ë ZolnJUFIZYÇ3a�Z«Ë}AÉì Ú�� d Ù
� A���� Ú ì�� ����d Ú�� Ù � Ú ��Ú"!�Ú ñ[ñIñª©ÉD�O�ZRDG¬�a$#&%('*),+�-.)0/�12+"3 � A ��Ú êýd Ú � A !@Ú êCd Ú ñbñ�ñ xMl4)0/"1�+
1�'�%65�+"3738�*l�Hc )l:9;%65=<>)0?�%(@A1�'�% 5=+"3=3B��^
¨ TXa
rta�g[D���FSJvu�Ç3a�g[ ���DGHcZRFIZYJUZND�©DC ø�.6�f20Et=F� L,TcFI��T �mT3lPHXhGa ��GH��= lPHc  ?5øIEt0��f25ø�� ^
¨ TXa!Jvu@¢�a�¢cOUD���abZRZJ�úFIZ²ü)l�ORQtDfr`x]lPHc  JUTXa�g[D���lnJUF[DGHú¢cOUD���abZRZK� F[ZÑlPH lP c cFSJmFSrta
OUlPHc cDG¬ LNlPgIQ�^
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� OR¤3FSJUOUl�OYuÔrKDPOYJoa�Ó*J¼u�¢{abZ � A ��Ú êýd Ú � A !@Ú êCd Ú ñ[ñIñIñI^Åk�lP¬�¢3gsajJvu@¢�a�Z+Õ

¨ u�¢{a°��T3lPHXhGa�Z²l����+DPOo cF[HXhíJUD$l ü!l�ORQtDfr ��T3lPF[HN�3^ §ÁD��bl<JmFIDGH ¢cOoD@��abZRZ�� F[Z�lPH
lP c cFSJmFSrta²OUlPHc cDG¬ LNlPgIQ7L,TcDGZYa��mT3l�OUlP��Joa+OoF[ZEJUF[�+ZÔ Xa+¢�a�Hc  DGH JUTXa���WXORORa�HKJ�rtDPOYJUa¥Ó
Jvu@¢�aPÕ

���PO�Q Ù ��� ÜSR A���� Ú�� d
¨ TXa"OUlPHc cDG¬ rta�g[D���FSJvuÔÇ3abgI ²F[Z
Ë�AÉì Ú�� d Ù � AT� � Ú ìU�V� � d�ñ
¨ TXa
rKDPOYJoa�Ó¡F[Z�ORa+¢�ablnJoab Ñ¢�a+OUFID@ cFI�bl�g[gsuÔJUTXOUDPWXhtTcDGW�JXWZYR^
¨ TXa"¢�l�OYJUF[�+gIa�JoOUlnBvab�¥JUDPOYu*DP¤{a+u�Z

× �PO�Q Ù × � Ü Ë�A × � Ú�� d Ü\[ � Ú
L,TXa+Ooa [ � ORa+¢cOoa�ZYabHtJUZN¬�DGgsab�+WcgÍlnOM cFSà�WcZRF[DPHy^
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§¸a�Jdc � Ù � � � × � ^ ¨ TXa�H$c FIZNJmTXa/g[D��bl<JmFIDGH²DP©ÅJUTXa&rtDPOYJUa¥Ó © OUDP¬ JUTXa/¢�DGF[HtJ�DP©
r�FIa�L DP©ÌJUTXaq¬�Dfr�F[HXh�¢�l�OYJUF[�+gIaP^
e DnJUa)JUT3lnJ!Ë�A × � Ú�� d Ù � AT��� ÚR× �f� ���Pd Ù � AT��� Ú �acg�nd*l�Hc  JUT3lnJ:c a+rKDPgsrta�Z
lP�+��D�OU cFIHXh�JmD

cg�PO�Q Ù Ý AT��� Ú cg�Pd Ü\R A���� Ú�� d Ü\[ � Ú
L,TXa+Ooa Ý FIZ"lÑ¬�l�¢c¢3F[HXh¡DGH�JmTXa}hGOoFI �hGa�HXa+Oml<JUa� �¤Ku � ^ ¨ TcF[Z
FIZ
lPg[¬�DGZEJ�JUTXa«ZolP¬�a
lPZ]TcDfL �ía+rtDGgsrta�Z+^
¨ TXa¿¢`DGFIHKJ>F[ZªJUTcF[Z+ÕÁJUTXa�§Ìl�hGOUlPHXhGFÍlPH"rtabgID@�+FsJ¼uq Xa�¢{abHc cZûDGH«l"ü)l�ORQtDfr&��T3lPF[HÑA�� Ú c d¥x
L,TXa+Ooah�}F[Z�ü!lnOoQGD1r�lPHc Jc a�rKDGgSrtabZ:FIHÑl/ZRF[¬�¢3gsaNL]lbuG^ ¨ TXajZYJmlnJoa,ZY¢�lP��awDP©:AT� Ú c d
F[ZÐJUTXaÑZolP¬�aÑZRF � a²lPZ/JUT3lnJ«D�©ÐA�� Ú �:d¥xâJmTXaÑ��T3l�F[H7L,TcFI��Tí Xa�JUa+Oo¬�F[HXa�Z&JUTXa¡rtabgID@�+FsJ¼u
Ç3a�g[ y^ ¨ TXa�JoOUlPHcZRFsJUFIDGH�¬*lnJoOoFSÓji DP©qAT� Ú c d"FIZ&ablPZEu�JUD²hGa+J&© OoDG¬ JUTXa�JoOUlPHcZRFsJUF[DGH
¬*lnJoOoFSÓlk DP©�AT� Ú �:d�xXF[HÑJmTcFIZMLNlfu`Õ

i Ùnmpo k
L,TXa+Ooa m F[Zel"¬*lnJoOoFSÓ�¤3WcFIgsJ�©5OoDG¬ JUTXaNrKDPOYJoa¥Ó�Jvu@¢�a�ZelPHc  o �+DPORORabZY¢�DGHc cZ>JUD&¬�DGgIa��¥ô
WcgÍlnO> cFSà�WcZRF[DPHy^ á TXa�H}JUTXa¿rKDPOYJUF[��abZûl�ORaNFIHc��DP¬�¢cORabZRZRFI¤3gsaGx m L,FIg[g�¤�a£lj¢{a�Oo¬}W�JmlnJUF[DGH
¬*lnJoOoFSÓ�^

ÒcDPOÅJvL�D<È�¢�l�OYJUF[�+gIa(¬�D�JUF[DGHyxbJUTXa+Ooa�l�ORaeJvL�Dw§ÌlnhGOUlPHXhtFÍl�H&gID@��lnJUF[DGH&¢cOUD���abZRZYabZqc Q lPHc 
crY+^ ¨ TXa+u¡a�rKDGgSrta"F[H¡JUTXa&ZolP¬ÔajL]lbuÑl�Z£l�¤`DfrtaPx�¤3W�J]L,FsJUT� cFSà`a+ORabHtJ] cFSà�WcZRF[DGHyÕ

c Q�PO�Q Ù Ý A���� Ú c Q� d ÜSR AT�"� Ú�� d ÜV[ Q�
c Y�PO�Q Ù Ý A���� Ú c Y� d ÜSR AT�"� Ú�� d ÜV[ Y�

¨ TXa�H7A¼Ë}A × Q� Ú�� d Ú Ë�A × Y� Ú�� dRd Ù A � AT� � Ú �ac Q� d Ú � AT� � Ú �scrY� dRd�^
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¨ TXa�rta�g[D���FSJvu�Ç3a�g[ 7T3lPZ�DGHcgSuþDGHXa*rKDPOYJoa�Ó�Jvu@¢�aPxâL,TcF[�mT F[Z&Ooa+¢�ablnJoa� 7¢�a+OoF[D� cF[��lPg[gSu
JUTXOoDGWXhtTcDGW�JBW{YR^ ¨ TXa
rKDPOYJoa�Ó¡¬�DfrtabZ�WX¢!lPHc �JUD}JUTXaqOoFIhtTtJbx@L,FsJUT ¢cOoDP¤�l�¤3FIg[FSJmFsabZM�X^ ~
A5OoFIhtTtJ¥de�X^ ~)AÉWX¢�dM��^ ! AÉWX¢!lPHc  OoFshtTKJ¥de�X^ ! AÉ cDGHyÎ JN¬�Dfrta<d�^
¨ TXa
rKDPOYJUF[��abZMl�ORaqZEJ�l�Hc 3l�Oo cF � ab *JUDÔT3lbrtawJUTXa"ZolP¬�a�ÿEabHXa+ORhPu|� å~}a� Ë�A�� Ú �Kd � Y¥^
¨ TXa&§Ìl�hPOml�HXhtFÍlPH¡ XOoFI© JNF[Zp� Ù gIF[¬ Ø��B��å~} × ØT� Û ^
¨ TXaq cFsà`WcZoFSrXFSJvu¡¬�lnJoOUFýÓ*FIZB� Ù g[FI¬ Ø��8� VMDfr�A ×«Ø d � Û ^
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¨ TXa:rta�g[D���FSJvuwÇ3a�g[ ÐT3l�ZÌJvL�D]rtDPOYJUa¥Ó"Jvu@¢�a�Z+x<L,TcFI��TÐlPgSJoa�OoH3lnJoaelP�+�+DPOo cF[HXh]JUD£JUTXa:JoOml�H@ô
ZRFsJUF[DPH�¬*lnJoOoFSÓ ½�Ø�Ù ÚØ�Ù Y Ø�Ù YØ�Ù Ú Ä ^ ¨ TXa��+WXOoORa�HKJerKD�ORJoa¥Ó�F[ZeOoa+¢�ablnJoa� �¢�a+OUFID@ cFI�bl�g[gsu�JUTXOoDGWXhtTcDPW�JW Y ^.Û:DPOYJoa¥Ó � ¬�D1rGabZ�WX¢ lPHc  JUD�JUTXa�OoFshtTKJbxûL,FSJUTí¢cOUD�¤�l�¤3F[gIFsJUFIa�ZÐ�X^ ~úA5OoFIhtTtJ¥dq�X^ ~
AÉWX¢�d��X^ ! AÉWX¢!lPHc �OoFshtTKJ¥de�X^ ! AÉ cDGHyÎ J£¬�D1rGa<d�x�L,TcFIgIawrKDPOYJoa¥Ó ! ¬�Dfrta�Z� cDfL,H)l�Hc  JUD
JUTXaÐOoFIhtTtJbx�L,FsJUT!¢cOoDP¤�l�¤3F[gIFsJUFIa�Z£�X^ ~�A5OoFIhGTKJ¥d��X^ ~�AÉ cDfL,H{dN�X^ ! AÉ cDfL,H�lPHc �OoFshtTKJ¥dN�X^ !
AÉ cDGHyÎ JN¬�Dfrta1d¥^
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