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ABSTRACT.  An a-closure of a lattice-ordered group is an extension which
is maximal with respect to preserving the lattice of convex f-subgroups under
contraction. We describe the a-closures of some local singular archimedean lattice-
ordered groups with designated weak unit. In particular, we provide explicit
descriptions of all of the a-closures of groups that are singularly convex, such as
the group C(X,Z) of continuous integer-valued functions on a zero-dimensional
space.

1 Preliminaries

An (abelian) lattice-ordered group (L-group) is a group (G,+,<,V,A) with a partial
ordering such that g < h=g+k < h+kfor all g, h, k € G, and with respect to which
G is a lattice (that is, for all g, 2 € G, the supremum gV h and infimum g A hexist). An
£-subgroup is a subgroup that is also a sublattice. G is the positive cone of the group
and |g| = gV 0+ (—g) V0. The L-group G is a (real) vector lattice if for every g € Gt
we have that rg € G for every 0 < r € R. G is archimedean if for every g, h € Gt there
exists a natural number n such that ng is not less than or equal to h. See Chapter 10
of [9] for properties of archimedean f-groups. For instance, Theorem 53.3 is the result
that all archimedean ¢-groups are abelian.

An L-subgroup H < G is convex if 0 < g < h € H implies that ¢ € H. Let €(G)
denote the lattice of all convex f-subgroups of G. The convex £-subgroup generated by
an element g € G is denoted G{g). If P € €(G) and for every g, h € G, we have that
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gANh € P = gePorhgc P then we call P a prime subgroup. By Zorn’s Lemma,
minimal prime subgroups exist.

A positive element u € GT is a weak unit if {g € G | |g| A u} = {0}. We work in
the category W consisting of archimedean £-groups with designated weak unit (G, u)
and lattice-preserving group homomorphisms that also preserve the unit. The £-group
(C(X),1) of real-valued continuous functions on a completely regular space is a W-
object under pointwise operations. In the main, we are interested in particular sub-
groups: C(X,Z) is the group of all the integer-valued continuous functions; S(X,R)
consists of continuous functions with finite range; and S(X, Z) contains the integer-
valued continuous functions with finite range. Note that for any r € R, we use r to
represent the function on X that is constantly equal to r.

Let (G,u) be in W. By Zorn’s Lemma, there exist convex {-subgroups of G that
are maximal with respect to not containing u. We call such subgroups values of u. Let
Y'G be the set of values of the designated unit u. Then YG is a compact Hausdorff
space in the hull-kernel topology.

Define

D(X)={f:X - RU{+oco}|[f continuous and f 'R dense }.

D(X) is a lattice under pointwise operations. However the pointwise sum of two
elements need not exist: for f g € D(X), the sum f + g is defined on the dense
set f7'R N ¢g7!R, though it may not extend to a continuous function on X. Recall
that a completely regular space X is quasi-F if for every dense cozero set A C X,
every bounded R-valued continuous function on A has a continuous extension to X.
It is shown in [17] that D(X) is a group under pointwise addition (thus an £-group)
precisely when X is a quasi-F space. However, D(X) may contain a sublattice H that
is a group under the operation: (f+g)(z) = f(z)+g(z) for all z in some dense subset, of
X. When this is the case, we call H an £-group in D(X). The following representation
theorem has many incarnations, among them [20] and Theorem 2.7 of [15].

Theorem 1.1. [Yosida Embedding Theorem] Let (G, u) be in W. Then there is an
L-isomorphism of G onto G, an {-group in D(Y (7) such that G separates the points of
YG and u v 1.

Henceforth, we identify any object (G, u) of W with its image in D(Y G).

An element s € G is called singular if 0 < g < s = g A (s —g) = 0. We call an
{-group G singular if for each ¢ € G, there exists a singular s such that s < g. In
particular, (G, u)is in W and u is singular, then G is called singular. Define

W.G={9eCG|peg 'R=gp) €Z}.

In [13], the authors demonstrate that W is a monocoreflection of W into the (full)
subcategory of singular groups in W; W¢G < G is the maximum subgroup of (& that
is singular in W. We will call W G the singular part of G.
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G is a large {-subgroup of H if for every h € H* there is g € GT and a natural
number n such that g < nh. Let g,h € GT. We say that g and h are a-equivalent
and write g ~, h if there exist natural numbers n,m such that g < nh and A < myg.
If G is an {-subgroup of H, then H is an a-ertension of G if every positive element
of H is a-equivalent to a positive element of (. In this case, we write G <q H.
By Theorem 2.1 of [6], G <, H if and only if the map K ~ K N G gives a lattice
isomorphism €(H) — ¢(G). If G has no proper a-extensions, then we say G is a-closed.
In Example 6.4 of [6], Conrad produces two nonisomorphic abelian a-closures of an
t-group. Therefore, a-closures are not unique. For many other examples of this, see
[11].

The first of the following properties is a generalization of Theorem 1.1 of [7]; the
second property follows from Theorem 2.1 of [6].

Proposition 1.2. Let G be an {-group.
(i) Let G <, H. If G is archimedean then H is archimedean.

(i) If (G, u) is an object of W and G <, H, then (G, u) is a W-subobject of (H, u),
YH =YG and G* <, H*.

Proof. 1. Let G be an f-group. Assume that H is a non-archimedean a-extension -
of G. Let hi,hy € H* such that 0 < hs — nhy for every natural number n. There
exist g1,92 € G and mi,my € N such that gy < mih; and hs < mygy. Then 0 <
mimsygs ~— ngy for every natural number n and hence G is not archimedean.

2. First, we show that u is a weak unit in H. Let h € H*. There exists ¢ € G¥ and
natural numbers m,n such that A < mg and g < nh. If uA h = 0, then 0 <uAng<
u A (nh) = 0. Thus, g = 0 = A, as desired.

Second, we must show that Y H = YG. The contraction mapping ¢ : YH — YG
is surjective by Proposition 12.11 of [9]. By Theorem 2.1 of [7], ¢ is one-to-one and
therefore a homeomorphism.

Let h € (H*)* andlet g € G be such that g ~; h. Then 0 < g < mh < nu for some
m,n € N. Therefore, g € G* and hence G* <, H*. ' n

The task we undertake is to describe some of the a-closures of f-groups that are
singular in W. First, we focus on the subclass of W in which these a-closures must
lie. Second, we describe those £-groups that are least integer closed (defined below).
Third, we discuss those {-groups that are strongly least integer closed (defined below)
and show that all singularly convex groups (defined below) are in this class. As an
example, we explicitly compute all of the a-closures of the singularly ¢? groups and, in
particular, of the group C'(X,7Z).

Unless otherwise stated, all groups are in W and are identified with their
Yosida representations.
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2 Bounded away /-groups

In [7], Conrad introduced the class of hyperarchimedean {-groups (there called epi-
archimedean): the f-groups for which every £-homomorphic image is archimedean. In
W, these are precisely the groups in which G = G(u) and for every g € G*, there
exists r € R such that 0 < g(p) = 0 < r < g(p); see Theorem 2.3 below and [11]. Note
that with Proposition.1.2 it is evident that

Proposition 2.1. [[7], Theorem 1.1] An a-extension of a hyperarchimedean group is
also hyperarchimedean.

Removing the G = G(u) condition in the definition of hyperarchimedean f-groups
allows for some interesting results.

Definition 2.2. From [18]: An element g € D(X) is bounded away from 0 if there
exists r € R such that 0 < g(p) < co = 0 < r < g(p). Call a W-object (G, u) bounded
away if in D(Y'G) each of the elements of G is bounded away from 0. Let S be a
subgroup of R containing 1. We say that G is S-bounded away if every ¢ € G and for
each s € S there exists r € R (depending on g and s) such that if 0 < s < g(p) <
then s <7 < g(p).

Since elements of singular groups are integer-valued, all singular groups are bounded
away. To each element of other kinds of groups, we associate an integer-valued function
by composing elements g € G with the “least integer function” on R. That is, forg € G

and n € Z,define [g](p) = [g(p)] = nifp € g7*(n~1,n] and [g](p) = g(p), if g(p) = £oo.
The theorem below specifies when one can expect [g] to be continuous.

Theorem 2.3. Let (G, u) be in W and let G* = G(u). The following are equivalent:
(i) G is bounded away.

(if) G is Z-bounded away.

(ili) G is Q-bounded away.

(iv) Forevery g € G, the set g(YG)NQ is a closed discrete subset of Q.

(v) For every g € G and every q € Q, then set g~*{q} Is open.

(vil) For every g € G, the function [g] is continuous on Y G.

)
)
(vi) Forevery g € G, the zeroset Z(g) = {p € YG | g(p) = 0} is clopen in Y G.
)
(viii} Every W-homomorphic image of G is bounded away.

)

(ix) G* Is hyperarchimedean.
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(x) G* is the maximum hyperarchimedean convex {-subgroup of G.

(xi) Every proper prime subgroup of G not containing G* is a value of u.

i)
(xi1) Every value of u is a minimal prime subgroup of G.
(xiii) G*={g€G|Yhe G, 3meN, g Amlh| = g| A (m+ 1)|A]}
(xiv) G* = NgeatGlg) © g*, where g+ = {h € G||g| A |n] = 0}.

)

(xv) For every g € G*, there is a natural number n such that

1AngA(l—ng)<0 or 1AngA(L-ng)t =0.

xvi) For every g € G* there is a natural number n such that (ng — 1)*1 = gL.
Y3y g

Proof. The equivalence of (5), (11), (12), (15) and (16) is by Theorem 1.1 of [7];
the eqivalence of (9),(13) and (14) is by Theorem 2.1 from [19]. It is evident that
(5) = (6), (8) = (1) and (9) < (10).

(1) & (2): Proceed via translation. That is, G is bounded away from 0 if and only
if for every g € G and for every n € N, g —n is bounded away from 0. This is equivalent
to the statement that for every g € G and for every n € N there exists » € R such that
n < g(p)=0<n<n+r<g(p), which is exactly the definition of Z-bounded away.

(1) & (3): It is easy to verify that G is bounded away if and only if the divisible hull
dG is bounded away; see Section 4 of [7] and the following. Every ¢ € G is bounded
away from 0 if and only if for every g € G and for every 0 < g € Q there exists r € R
such that 0 < g(p) = 0 < qr < qg(p), which is the statement that dG is bounded away.

Using this, we verify that (1) is equivalent to (3), as above. G is bounded away
from 0 if and only if for every g € G and for every 0 < ¢ € Q, g — q is bounded away
from 0 in dG. This is equivalent to the statement that for every g € G and for every
0 < ¢ € Q there exists 7 € R such that ¢ < g(p) = 0 < ¢ < ¢ +r < g(p), which is
exactly the definition of Q-bounded away.

(1) & (4): Let {g;}52; C g(YG) NQ be a convergent sequence. If ¢; — ¢ = ~eQ,
then ng — mu is not bounded away from zero. Thus, ¢ € G is bounded away if and
only if g(Y G) NQ contains no convergent sequence and its limit. This is equivalent to
saying that the set is closed and discrete.

(1) & (9): By the definitions and Theorem 1.1 of [6].

(6) = (5): Let ¢ = > € Q, then Z(ng —m) = g~*{q} is clopen by condition (6).

(6) < (7): Z(g —n) is open for every integer n and every g € G if and only if
g~ *{n} is open for every integer n and every g € G. This is the same as the statement
that g=!(n —1,n] is clopen for every n and every g, which precisely says that every lg]
is continuous,

(9) & (8): Let ¢ : G — H be a surjective W-morphism. Since G* is hyperar-
chimedean, we know that ¢(G*) = H* is hyperarchimedean. Therefore, H is bounded
away by (1) < (9).
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(6) < (2): Condition (6) is equivalent to the property that for every ¢ € G and for
every integer n the set g='{n} is open. This, in turn, is equivalent to: for each gEeq
and for each n € Z there is an open nelghborhood Un C Rsuch that g(YG) NU, = {n}.
The latter property is equivalent to (2). |

Corollary 2.4, If G is bounded away, then every a-extension of G is bounded away.

Proof. Let G be bounded away. Assume that G <, H,let 0 < h € H* and obtain
g € G™ such that g ~, h. Then Z(g) = Z(h). Since Z(g) is clopen by Theorem 2.3, so
is Z(h). Therefore, H is bounded away. ]

Proposition 2.5. The following are equivalent.
(i) G'is R-bounded away.

(ii) For each g € G and r € R, there is an open neighborhood r € V,, C R such that
g(YG)NV,| <w.

(iii) Foreach g € G and r € R, the set g=*{r} is open.

(iv) Foreach g € G and p € Y G such that g(p) € R, there is an open neighborhood
p €U, CYG such that [g(U,)| = 1.

(v) Foreach g € G and p € YG such that g(p) € R, there is an open neighborhood
p €U, CYG such that |g(Up)] < w.

(vi) Foreach g € G, the set (Y G) NR is closed, countable and discrete in R.

If G is a vector lattice, then G is bounded away if and only if G satisfies the above
conditions.

Proof. The proof of the equivalence of (1) and (6) is the same as the proof of
(1) < (4) in Theorem 2.3.

(1) & (2): An element g € G is bounded away from every r € R if and only if no
7 € R is a cluster point of the range (Y G), which is precisely condition (2).

(4) ¢ (5): Clearly (4) = (5). Conversely, let ¢ € G and p € YG. Then there is
a neighborhood Uy, such that g(U]) = {ry,...r,}, where g(p) = r;. Then there exists
€ > Osuch that g(Up) N (ri—¢,71+¢) = {r1}. Let Up = g7 (ry — &, 7 +¢) NU,. Then
9(Up) ={r}.

(3) & (4): The set g~'{r} is open if and only if for every p € g=1{r} there exists
a neighborhood U, C g~*{r}.

(1) & (3): An “element g € G is bounded away from r € R if and only if
g—r € D(YG) is bounded away from 0. We have already seen that this is the same as
saying that g=*{r} = Z(g — r) is open.

It is always the case that R-bounded away implies bounded away. If G is a vector
lattice, then for all » € R, the constant function r is in G. Hence, if G is a bounded
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away vector lattice, g —r € G is bounded away from. 0 and, therefore, G must be
R-bounded away. ]

Example 2.6. A hyperarchimedean ¢-group that is not R-bounded away: This exam-
ple is 6.4 of [6]. Let olN denote the one-point compactification of the discrete space N,
in which o is the point at infinity. Then S(aN, Z) is the £-group of eventually constant
sequences of integers, under pointwise addition and the pointwise ordering. Define a
new function by b(n) = 7+ £ and b(e) = m. Then the f-group S(aN,Z) + bQ is hy-
perarchimedean. The element b fails condition (2) of Proposition 2.5, so the group is
not R-bounded away. See [11] for some generalizations of this example.

Example 2.7. A vector lattice that is not bounded away: Let C'(N) be the vector
lattice of continuous real-valued functions on the discrete space N, under pointwise
addition and the pointwise ordering. In the Yosida representation C'(N) — D(SN),
the Stone-extension of the function f(n) = i fails to be bounded away from zero.
Therefore, C'(N) is not bounded away. In fact, this example indicates how one shows
that C'(X) is bounded away if and only if X is finite.

We note a fairly close connection with a class of £-groups studied by Marlow An-
derson. Let G be an £-group (not necessarily in W), and let M(G) be the set of prime
subgroups of G that are both maximal and minimal. Then G is called locally flat if
NM(G) = {0}; see [1]. ‘

Theorem 2.8. [[1], Theorem 2.2] Let G be an {-group. Then G is locally flat if and
only if G can be embedded as a large {-subgroup of C(X), for some space X such that
the zerosets of GG form a clopen base for the closed sets of X.

A value V of u is called real if the totally ordered group G/V is archimedean, thus
embeddable in R by Hélder’s Theorem.

Proposition 2.9. A W-object (G, u) Is locally flat if G is bounded away and the set
of real values of u is dense in Y G.

" Proof. Let X be the set of real values of u. Since X is dense in Y GG, the canonical
embedding, i.e., the Yosida representation restricted to X, given by

G— [] G/vceox)
VeX
is large. Since G is bounded away, the zerosets of G form a clopen base for the
closed sets of ¥'G and hence restrict to a clopen base for X. Thus, G is locally flat by
Theorem 2.8. =

The converse of Proposition 2.9 is false: If Y is an infinite zero-dimensional space
with a dense set X of P-points, then C(Y) is not bounded away, but is locally flat
since C(Y')|x is a representation as in Theorem 2.8. (See [1], 4.4.)
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3 Least integer closed {-groups

Definition 3.1. We call G least integer closed (resp., weakly least integer closed) if for
all g € G we have [g] € G (resp., if there exists ¢/ € G and a dense set U C Y@ such

that [g]lv = ¢'[v).

Proposition 3.2. Hyperarchimedean groups are least integer closed and least integer
closed groups are bounded away.

Proof. If & is hyperarchimedean, then for every g € G, we know that [g] € S(YG,Z) <
G thus, every hyperarchimedean group is least integer closed. In view of Theorem 2.3,
a least integer closed group is bounded away. ]

The examples following Theorem 3.4 illustrate that the converses of the above are
not ftrue.

Lemma 3.3. Let G be bounded away. Then for each g € G*, we have that [g] is
continuous, g < [g] and there is a positive integer m such that l9] < mg. Thus, every
least integer closed group Is an a-extension of its singular part.

Proof. By Theorem 2.3, all of the functions [g] are continuous since G is bounded
away. Since g € G is bounded away from 0, there exists r = min(g(YG) \ {0}). Let
m € N such that mr > 1. Then g < [g] and [g] < myg. Finally, if G is least integer
closed, then for each g € G*, we have g ~q [g] € WG, as desired. n

Theorem 3.4. The following are equivalent.

(Q

G is least integer closed.

(ii) G is weakly least integer closed and bounded away.

)
)
(iii) G is weakly least integer closed and W G <, G.
(iv) G = WgG + G* and G is bounded away.

)

(v) G =W G+ G* and WG <, G.

Proof. That (1) = (2) is clear; (2) = (1) is a consequence of the equivalence of
conditions (1) and (7) of Theorem 2.3. Lemma 3.3 is the interesting part of the proof
of (1) = (3). The following finishes the proof.

(3) = (5) : By the preceding argument, G = WG + G*.

(5) = (4) : By Corollary 2.4, G is bounded away.

(4) = (1) : Since G 1is bounded away, G* is hyperarchimedean and, hence,
G* is also least integer closed. Then for g f+h€e WG+ G*, we have
i =7+[h€GC. .
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Each of the properties (weakly least integer closed, WG <, G, and G = W G+G*)
appearing in Theorem 3.4 merits and will receive some concentrated attention from the
authors in future papers. In particular, we have observed (as did a referee) that there
is a nice connection between weakly least integer closed groups and projectable groups
and this is addressed in [12]. Examples 3.7-3.10 demonstrate that the three classes
introduced in the preceeding theorem are distinct. The next observation is motivating,
both for the introduction of the class of least integer closed groups, and for the material
of sections 4 and 5 below.

Proposition 3.5. Let X be a zero-dimensional Tychonoff space. If C(X,Z) <, H
then H is least integer closed and thus H = C'(X,Z)+ H* where S(X,Z) <, H*.

b

Proof. First note that ¥ = Y (C(X,Z) is the maximal zero-dimensional compactifi-
cation of X (see [13]), so X C Y. Now suppose that C(X,Z) <, H. By part (2) of
Proposition 1.2, YH =Y and S(X,Z) <, H* since C*(X,Z) = S(X,Z). Let h € H.
By Corollary 2.4, H is bounded away, so [h] is continuous on Y. Thus [A]|x is contin-
uous. Since h ~q f € C(X,Z), the element h is real-valued on X and so is [h]. This
shows that [h] € C(X,Z),so H is least integer closed and WgH = C(X,Z). Now apply
Theorem 3.4. ]

In 5.4 below, we prove a converse to Proposition 3.5: If S(X,Z) <, K, then
C(X,Z) + K is an f-group a-extending C(X,Z). We turn now to examples distin-
guishing the properties in Theorem 3.4.

Example 3.6. The following is an example of a vector lattice that is bounded away
but is not an a-extension of its singular part. By Theorem 3.4, the group also is not
weakly least integer closed. Let X = aN and define f,g € D(X) by f(n) = n®,
g(n) = n*> % and f(a) = g(a) = co. Let G be the vector lattice spanned by S(X,R), f
and g. Then WG = S(X,Z) + fZ.1f WsG <, G then since g is unbounded, we must
have g ~q k+mf € S(X,Z)+ fZ, for some nonzero integer m. Note that k+mf ~g4 f.
Yet, if f ~, g then there exists an integer s such that f < sg, whence s > nit% for all
n. This is a contradiction. Thus, GG is not an a-extension of W.G.

Example 3.7. Recall that every least integer closed group is bounded away and an
a-extension of its singular part. This example shows that the converse does not hold.
Let X = oN and define f € D(X) by f(n) = 2n+ xg(n) and f(a) = co, where xg is
the characteristic function of the set of even numbers in N. If H is the divisible hull of
the {-group generated by S(X,R) and f, then H is bounded away and

W.H = S(X,Z)+ fZ <, H.

Since [£f] ¢ WsH, the group H is not least integer closed. Moreover, there is no
f' € H such that f'|u = [3f]|u, for any dense set U; so H is not weakly least integer
closed either.
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Example 3.8. The group C(N) is weakly least integer closed by Theorem 3.10, but,
as noted in Example 2.7, it is not bounded away. Therefore C'(N) is not least integer
~closed by Proposition 3.2. To see this explicitly, note that if h(n) = % then [A] is the
characteristic function of N, which is not continuous.

Example 3.9. Note that every element of the group G = C(aN) is bounded, so G =
WG + G*, but G is not -bounded away.

The following result from a paper in preparation by the authors gives a hint of the
interesting properties of weakly least integer closed groups. Recall that a space X is
basically disconnected if clx coz(f) is open for every f € C(X).

Theorem 3.10. Let X be a Tychonoff space. The following are equivalent.
(i) C(X) is weakly least integer closed.
(ii) D(X) is an £-group which, as a W-object, is weakly least integer closed.

(iif) X is basically disconnected.

4 Strongly least integer closed /-groups

Let X be zero-dimensional. In Proposition 3.5, we showed that any a-extension of
C(X,Z) has the form C(X,Z)+ K, where K is an a-extension of S(X,Z). The goal of
this section and the next is to generalize this result.

Theorem 4.1. The following are equivalent:
(i) G is bounded away and

G <o H=WeG <o WoH, G <, H and H = WoH + H*.

(ii) G is bounded away and (G <, H => H = WgH + H*).
(iif) Every a-extension of G is least integer closed.
(iv) Every a-extension of G is bounded away and

G<o H=>W,G<, W,H, G*<, H* and H = W,H + H*.

(v) G is least integer closed and (G <o H = H = W,H + H*).
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Proof. (1) = (2): clear.

(2) = (3): Follows from Corollary 2.4 and Theorem 3.4.
(3) = (4): Let G <, H. By Proposition 3.2, H is bounded away; it follows from
Proposition 1.2 that G* <, H*. We see that H = W H + H* by Theorem 3.4.
Lemma 3.3 shows that WG <, G. Therefore, W G <, H and we conclude that
W.G <, W, H.

(4) = (5): This follows from Theorem 3.4.

(5) = (1): By Proposition 3.2, GG is bounded away; it follows that H is bounded
away by Corollary 2.4 and, therefore, least integer closed by Theorem 3.4. Lemma 3.3
shows that WG <, W H. ]

Definition 4.2. An {-group G is strongly least integer closed (or SLIC) if it satisfies
one, hence all, of the conditions of Theorem 4.1.

In section 5, we identify a fairly wide class of £-groups which are stongly least integer
closed. For now, we note the following.

Proposition 4.3. Hyperarchimedean {-groups are strongly least integer closed.

Proof. Since an a-extension of a hyperarchimedean group must be hyperarchimedean,
this follows from Proposition 3.2 and Theorem 3.4. ‘ =

Corollary 4.4. If WG is strongly least integer closed and WG <, G, then G is
strongly least integer closed.

Proof. By condition (4) of Theorem 4.1. n
Corollary 4.5. If G is strongly least integer closed, then WG <, G.

Proof. ( is least integer closed, by Theorem 4.1. Therefore, WG <, G by
Theorem 3.4. ]

5 Singularly convex /-groups

We now present the desired generalization of Proposition 3.5.

Definition 5.1. A singular f-group (& is singularly a-closed if it has no proper a-
extension which is singular.

Example 5.2. As mentioned before, the group WgH in Example 3.7 is singular, and
singularly a-closed, yet it is not strongly least integer closed since W H <, H #
WH + H*.
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Example 5.3. Let G be the f-group generated by S(aN,Z) and the function f defined
by f(z) = 2n+mxg(n) if £ = n and f(a) = oo, where xg is the characteristic function
of the set of even numbers. Then G is not strongly least integer closed, since no a-
extension can contain [f] and G is not an a-extension of W G. Yet, WG = S(aN, Z) is
singularly a-closed and strongly least integer closed by Corollary 5.8 and Corollary 5.9.

Theorem 4.1 indicates that finding the a-closures of a strongly least integer closed
group (& should split into two steps. We must first find the maximal hyperarchimedean
extensions of G* and, secondly, find the singular a-closures of W4G. These are relatively
difficult tasks to carry out. The first step is demonstrated in great detail in [11] for
G = S(aN,Z). Below, we show that for certain other, (possibly unbounded) singular
groups, this first step suffices also: we hold the singular part of a singularly a-closed
group fixed so that we need only a-extend the bounded part of the group to compute
the a-closures.

Recall that f € D(YG) is locally in G if for every p € Y G there is a neighborhood
Up and an element g € G such that fly, = glu,. If G contains all the elements of
D(YG) that are locally in G, then we call G local. For further discussion of local
groups, see [14] and [13].

Theorem 5.4. Let G be singular and local and let G* <, K. Then G + K is a least
integer closed {-group and G <, G + K.

Proof. Since both G and K are groups, G + K is a group. We must show that it
is a lattice. Let f=g+k € G+ K. The set pos(f) = {p| f(p) > 0} = f7[0,00] is
always closed. In this situation, it is also open: Since K is bounded, there exists an
integer M such that |k] < M. Then

pos(f) = Upien({p | k(p) > —n} g~ {n}) U g~ M, o0],

where each set appearing in this expression is open since G is singular and K is hyper-
archimedean. Thus, pos(f) is clopen.

Let A = pos(f) and let x4 € S(YG,Z) C G* be the corresponding characteristic
function. Since the unit of K is strong,

kxa=(kVO)A(Mxa)— (k) VO)A (Mxa) € K;

note that, in general, a W-object will be local if its unit is strong. Since G is local,
9xa € G. Thus fVO0= fxa =gxa+kxa € G+ K and, therefore, G+ K is a lattice.

G + K is least integer closed since for f = g + k € G + K, we have that [f] =
g+ [k] € G+ S(YG,Z) C G. By Lemma 3.3, we have that G <, G+ K since G + K
is least integer closed and W4(G + K) = G. L I

Theorem 5.5. Let G be local and singularly a-closed. If G* <, K Is an a-closure,
then G + K is an a-extension maximal with respect to being least integer closed. In
particular, if G is also strongly least integer closed, then G + K is an a-closure of G.
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Proof. G <, G + K by Theorem 5.4. Assume that G+ K <, H where H is least
integer closed. Let h € W H™ and obtain g +k € G+ K such that h ~, g+k. Since G
is local, g + [k] € G and hence, h ~, g+ k ~4 g+ [k] € G. Thus, G <, WgH. We then
conclude that W H = G since G is singularly a-closed. In addition, H* = K since K
is a-closed and K = (G + K)* <, H*. Thus H = W H + H* = G + K, as desired.
The final statement of the theorem follows from the above since every a-extension of a
~ strongly léast integer closed group is least integer closed by Theorem 4.1. ]

We now consider modifications to our purposes of the classes of ¢3, and convex,
W-objects discussed in [16], [2], [3], [4] and [5], among other places. (See these papers
for remarks on the efficacy of the classes.)

[13] defines G to be singularly ¢® if G is singular and for each g1,gs,... € G, each
f € C(Nnewyy 'R, Z) extends over YG to an element of G. This means that G is the
direct limit of the system

{CW,Z)|U =Nnewgy 'R, and g, €G }

with bonding maps given by restriction of functions. This direct limit is the union
of the C(U,Z) modulo the equivalence f; ~ fy if fi = f, on the intersection of the
domains. So we abbreviate the condition to G = Uy C (U, Z).

We define G to be singularly convex if G is singular and a convex subset of D(Y G, Z).
One can easily verify the following.

Proposition 5.6.
1. If X is zero-dimensional (not necessarily compact), then C'(X,Z) is singularly c3.

2. Singularly ¢ implies singularly convex.

Theorem 5.7. If G Is singularly convex, then G is local, singularly a-closed and
strongly least integer closed.

Proof. Let G be singularly convex. If f € D(Y G) is locally in G, then by compact-
ness, Y G = Up, U; for open U;, with g; € G for which fly, = g|u,. Then f € D(YG,Z)
and |f| < V]g:| € G, whence f € G. Now suppose G <, H with H singular. Using (2)
of Proposition 1.2, H C D(YG,Z), and since h € H implies that |h| < mg for some m
and g, h € G by convexity. Once again let G <, H. If h € HT and h ~, ¢ € GT then
by Theorem 2.3 we know that [A] € D(Y'G), [h] ~4 g and for some integer m we have
0 < [h] < myg. Since G is singularly convex, [h] € G. Thus, H is least integer closed. m

Corollary 5.8. Every singularly ¢ group is strongly least integer closed. In fact,
if G = UyC(U,Z), then G <, H, if and only if H = G+ UyKy for groups
Ky =H*NSWU,Z), where S(U,Z) <, Ky for each U.
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Corollary 5.9.

1. Let G be singu]ér]y convex and G < H. Then G <, H if and only if H = G+ K
where G* <, K. Such an H ‘is a-closed if and only if K is a-closed.

2. If W H is singularly convex and if H is an a-extension of W H, then H is
a-closed if and only if H* is a-closed.

Proof. These are merely restatements of Theorem 505 in the light of
Theorem 5.7. ' =

Open questions:

(i) Must every singularly a-closed, local group that is also strongly least integer
closed be singularly convex?

(ii) For what groups is G a-closed if and only if WG is singularly a-closed and G*
is a-closed?

(iii) For what class of groups is the vector lattice hull an a-closure?
(iv) Is an a-extension of a local group necessarily local?

(v) What conditions on an archimedean f-ring will guarantee that every a-closure is
also an f-ring?
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