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Abstract

The well-known Jaffard-Ohm-Kaplansky Theorem states that every abelian
f-group can be realized as the group of divisibility of a commutative Bézout
domain. To date there is no realization (except in certain circumstances) of an
arbitrary, not necessarily abelian, ¢-group as the group of divisibility of an integral
domain. We show that using filters on lattices we can construct a nice quantal
frame whose ”group of divisibility” is the given ¢-group. We then show that our
construction when applied to an abelian £-group gives rise to the lattice of ideals
of any Priifer domain assured by the Jaffard-Ohm-Kaplansky Theorem. Thus,
we are assured of the appropriate generalization of the Jaffard-Ohm-Kaplansky
Theorem.
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1 Introduction

The Jaffard-Ohm-Kaplansky Theorem states that the group of divisibility of a Bézout
domain is an abelian lattice-ordered group and conversely, given any abelian lattice-
ordered group there is a Bézout domain whose group of divisibility is the given group.
In this article we tackle the problem of generalizing this result to arbitrary, and not
necessarily abelian, lattice-ordered groups. In this section we recall the appropriate
definitions needed for our construction. These definitions come from the theory of
rings, the theory of lattice-ordered groups, as well as the theory of quantales (and
frames). For those readers familiar with groups of divisibility, lattice-ordered groups,
and frames skipping the introduction would be appropriate action.

If R is a commutative ring with identity we let £(R) denote its lattice of ideals
(ordered by inclusion) and U (R) its set of units which is a group under multiplication.



For any r,r1,--- ,7, € R, we employ the notation 7R to denote the principal ideal
generated by r, and m R + --- + r, R to denote the finitely generated ideal of R
generated by the ri,--- ,7ry,.

Definition 1.1 Let (G,-, e) be a group (not necessarily abelian). A partial order on
G, say <, makes GG into a partially-ordered group if for all g, h,z,y € G with g < h

zgy < xhy.

A partially-ordered group G is called a lattice-ordered group (or (-group for short) if
the partial-order is a lattice order. The set

Gr:={geG:g>¢e}

is called the positive cone of G, and G is said to be a directed partially-ordered group
when G generates G as a group. Lattice-ordered groups are directed. We cite [3] as
our main reference for the theory of /-groups.

Definition 1.2 Let R be a commutative integral domain and let ¢(R) denote its
classical field of fractions. The set g(R)* := g(R)~{0} is a group under multiplication.
An obvious subgroup of ¢(R)* is U(R), the set of units of R. The group of divisibility
of R is the factor group G(R) := q(R)*/U(R).

G(R) can be endowed with a partial order as follows. For any zU(R),yU(R) €
G(R), set zU(R) < yU(R) if and only if yz=! € R. This partial order makes G(R)
into a directed partially-ordered group. Furthermore,

G(R)* = {dU(R) : d € R}.

G(R) is an f-group precisely when R is a GCD-domain, that is, when every pair of
elements possess a great common divisor. A nice subclass of the class of GCD-domains
is the class of Bézout domains. A Bézout domain is a domain for which every finitely
generated ideal is principally generated.

Another way of constructing the group of divisibility of R is to consider the col-
lection of principal ideals of R, say Princ(R), and to partial order this set by reverse
inclusion. This set is a submonoid of the collection of invertible ideals of R and
thus is a cancellative abelian monoid. It follows that there is a group of quotients
of Princ(R), say G'(R), for which the partial order on Princ(R) can be extended
to G'(R), making G'(R) into a directed partially-ordered group. One can then check
that the identification rR — rU(R) is an isomorphism between the groups G'(R) and
G(R). (Notice that Princ(R) is a lattice precisely when R is a GCD-domain, and
Princ(R) is a sublattice of L(R) exactly when R is a Bézout domain.) A nice source
for information on GCD-domains (and Bézout domains, in particular) as well as the
group of divisibility is [4].



In [1] the authors take a Priifer domain R and observe that the group of invertible
ideals of R, denoted (Inv(R),-, R), becomes a lattice-ordered group when ordered
by reverse inclusion. The positive cone of Inv(R) is the set of integral invertible
ideals, i.e., Inv(R)T = Inv(R)NL(R). When R is a Bézout domain, then Inv(R)" =
Princ(R) and so Inv(R), G(R), and G'(R) are all isomorphic as ¢-groups. It is the
construction of Brewer and Klingler which interests us and leads us into the theory
quantal frames.

Definition 1.3 A quantale is an algebra of type (Q, A, V,-) where (Q, A, V) is a com-
plete lattice, (Q,-) is a semigroup, and such that for any subset S C @ we have

a-\/S:\/{a-s:SES} and \/S-a:\/{s-a:SES}.

The above equalities will be called the quantale laws. Unless there is ambiguity
we shall assume that - is always the operation of a given quantale. When - is a
commutative operation then we say @) is a commutative quantale. The top and bottom
element of () will be denoted by 1 and 0 respectively.

Our basic reference for the theory of quantales is [5]. Our aim is to include all the
definitions and results needed for completeness sake.

Definition 1.4 A frame is a complete lattice (L, A, V) for which finite meets dis-
tribute through arbitrary supremum, that is, for any subset S C L the following
equality holds for any a € L

a/\\/S:\/{a/\s:SES}.

This equality is known as the frame law. If we consider - = A as an extra operation
in (L,A,V,A), then it follows that a frame is a quantale.

More generally, if (Q, A, V,-) is a quantale for which (Q, A, V) is a frame then we
call Q a quantal frame. Notice that here we are not assuming that the binary product
and infimum are equal.

Lemma 1.5 Suppose Q is a quantale. Then the operation - is order preserving (that
is, for all a,b,c € Q with a < b, ac < bc and ca < cb).

Proof. Suppose a < b and c € Q. We show that c¢-a < ¢-b and note that the proof
that a - ¢ < b- ¢ is similar. Notice that

c:b=c-(bVa)=(c-b)Vc-a

where the last equality follows from the quantale law. It follows that c-a < c-b.1l



Definition 1.6 Let (Q, A, V,-) be a quantale and consider the following properties.
o () is called right-sided if for every a € Q, a-1 < a.
e () is called strictly right-sided if for every a € Q, a -1 = a.
o () is called left-sided if 1 -a < a for all a € Q.
e () is called strictly left-sided if 1 -a = a for all a € Q.
e A quantale that is both (strictly) left-sided and (strictly) right-sided is called
(strictly) two-sided.

Lemma 1.7 Suppose L is a quantale. L is right-sided if and only if for all a,b € L,
a-b<a. Similarly, L is left-sided if and only for all a,b € L a-b <b.

Proof. The sufficiency of the first statement is patent. As for the reverse suppose
L is right-sided and that a,b € L. The result follows from the following string of
inequalities and equalities.

a

I

1
-(1Vb)
a-1)V(a-b) (quantale law)
-b

>

S

The other statements are proved similarly.ll

Definition 1.8 Suppose (Q, A, V, ) is a quantale and that ¢ € Q). We say that c is
a compact element of @ if whenever ¢ < \/ S for some subset S C @, then there are
finitely many s1,---,s, € S for which ¢ < s1 V---V s,. The collection of compact
elements of @ is denoted by R(Q). @ is said to be a compact quantale if 1 is a
compact element of Q. We call @ an algebraic quantale if every element of () is the
supremum of compact elements. The notions of a compact element, compact frame,
and algebraic frame are defined similarly.

It is straightforward to check that K(Q) is closed under finite supremum. A
compact algebraic quantale @ for which K(Q) is closed under finite products is called
a coherent quantale. By a coherent quantal frame we shall mean a quantal frame whose
quantale structure is coherent and the finite infimum of compact elements is compact.
(For those familiar with the terminology this means that the frame structure on @ is
coherent as well.)

Example 1.9 Let R be a not necessarily commutative ring and let £y(R) denote the
lattice of left ideals of R. The binary product of left ideals makes (L£;(R), A, V, ) into
a strictly two-sided algebraic quantale.

When R is commutative we can say more. Since the compact elements of L(R)
are precisely the finitely generated ideals, and since the product of finitely generated
ideals is again finitely generated it follows that £(R) is a coherent quantale. L(R) is



a quantal frame precisely when £(R) is a distributive lattice. Such a ring is called
an arithmetical ring. Recall that the ring R is arithmetical precisely when every
localization Rj); at a maximal ideal is a valuation domain. The classes of arithmetical
domains and Priifer domains coincide. Therefore, for a domain R we gather that
L(R) is a coherent quantal frame if and only if R is a Priifer domain.

2 The Frame of Filters of a Lattice

In this section we shall consider the collection of filters of a distributive lattice.
Throughout this section (L, A, V) will denote a distributive lattice. By a filter on
L we mean a subset F' of L which has the following properties:

i) F is closed under binary meets, (that is, for all z,y € F, x Ay € F);

ii) if x € F and x <y, then y € F.

First of all we do consider L and () to be (trivial) filters on L. We denote the collection
of all filters on L by §1. We endow §1, with the partial order given by inclusion. Since
the intersection of filters is again a filter it follows that (§1, <) is a complete lattice
where meet is given by intersection and join is given by the intersection of all filters
containing each member of the family in question. Thus, §1 is a complete bounded
lattice where 1 = L and 0 = (). Our next result gives a more useful description of the
join in §p.

Lemma 2.1 Let S C §r. Then
\/S:{:BGL:EIFl,--~,FHES,HsieFi,izl,--- ,n for which x > sy A+ A sp}.
In particular, for any filters Fy, F5 € §r,

FivVE,={x e L:x> fi N\ fy for some f1 € F1, fo € F5}.

Proof. We begin by demonstrating that the set T' defined in the statement of
the lemma is in fact a filter. Clearly, it satisfies property (ii) of the definition of
a filter. Next, let z,y € T. Then there exists a collection of filters in S, say
Fjlv"' ,an, TR ,Fim and S € Fj,ti € F; (] = J1, - ,Jn and & = g, -~ ,im)
sothat x > s;, A---s;, andy > t;; A---At;,,. Since x Ay > sj, A---55, Nty A=Aty
it follows that T is a filter, and so T' € §r. It is apparent that F < T for all F' € §.
Finally, if H is a filter for which F' < H for all F € S, then for any finite subset
F,--- ,F, C Sands; € F; we have that s; € H, whence s1 A---As, € T. Therefore,
T<HN®R



The nicest of all kinds of filters are the principal filters. For an element x € L,
we let F,, = {y € L : y > x} and notice that F, is the smallest filter of L containing
x, and therefore we call F, the principal filter generated by x. Notice that F, = F), if
and only if x = y. We leave the proof of the next lemma for the interested reader.

Lemma 2.2 For any x,y € L,
F,VE, = Fpny and  Fy NFy = Fpyy.

Lemma 2.3 The compact elements of §1, are precisely the principal filters together
with the empty filter; namely,

A(FL) ={F,:z € L} U{0}.
Moreover, §1, is an algebraic lattice.

Proof. First off, notice that 0 is always compact in any lattice. We now move
on to show that each F, is a compact element of §r. Suppose that S C §F and
that F,, < \/S. Then by Lemma 2.1, z > s; Asg A--- A's, for some s; € F; € S.
Consequently, x € F}V---V F,, and so F, < Fy V---V F,. We conclude that each F},
is a compact element of §y,.

Next, notice that for any nonempty F € g, F = Va:e r Iy so §p, is an algebraic
lattice. Moreover, if F' is a compact element of §r, then F' = F,, V---V F,, for some
finite subset of F. By Lemma 2.2, we arrive at the conclusion that F' = Fy a..az, 18
a principal filter.H

Lemma 2.4 §; is a compact lattice if and only if L has a bottom element.

Proof. For §1 to be compact it means that 1 = F,, for some x € L. Therefore z < y
for all y € L, and so x is the bottom element of L. Conversely, L = Fy.l

Theorem 2.5 The set §, of all filters on L is an algebraic frame if and only if L is a
distributive lattice. Moreover, §r, is a coherent frame if and only if L is a distributive
lattice with bottom element.

Proof. The second statement follows from the first since L has a bottom element if
and only if §7, is compact.

Next, if L is distributive, then it follows that the set of compact elements of §,
distribute, and therefore, since §r, is an algebraic lattice, §r, is distributive.

Suppose that §r, is an algebraic frame. This means that A and V distribute over
each other. Then in particular, for any z,y, z € L we apply Lemma 2.2 repeatedly

Fac/\(y\/z) = FV (Fy\/z)
Fy Vv (Fy NF)
(Fp VE)NFyVE,)

Fx/\y A Fx/\z

= F(ac/\y)\/(z/\z)



We conclude that z A (yV z) = (x Ay) V (x A z), whence L is distributive.
Conversely, if L is distributive then it follows that the set of compact elements of
$1 distribute. A complete distributive algebraic lattice is necessarily a frame.ll

Definition 2.6 Throughout the rest of this section we assume that (L,A,V,-) is a
distributive lattice together with an extra associative binary operation which is order

preserving. We use this operation to define an operation on §; as follows. For
F,H € §1, we define

FxH = {ZE €eL:z> [(fl'gl)/\"'/\(fn'gn)] for some fl»"' afn €F,g1-,gn € G}

Notice that even though our definition looks a little strange it is needed to ensure

that our product is again a filter. The proof of this fact is straightforward and left to

the interested reader. Furthermore, observe that F x0 =0 F =0 for all F € §,.
We now show that our operation is actually given by something simpler.

Proposition 2.7 Suppose (L,A,V,-) is a distributive lattice with an extra binary
operation which is order preserving. Then for any F,H € §p,

F«xH={xe€L:x>f-h for some f € F,he H}.
Furthermore, if - is associative, then so is *. In particular, (§r,0,%) is a monoid.

Proof. Clearly, the right side of the equality is contained in the left side. As to

the reverse let x € F'x H so x > fihi A --- A f,h, for appropriate fi,---,f, € F
and hi, -+ ,h, € H. Since the operation is order preserving it follows that for each
1<i,j<n

fihg > (finN--- AN f)hg = (i Ao A fu)(ha A2 A hy).

Setting f = fiA--- A fpand h=hy A--- A h, and observing that f € F ' and h € H
we conclude that z > fh, whence F'x H = {x € L : x > fh for some f € F and
he H}.

Thus, we are left to show that * is an associative operation on §. Towards that
goal let F,G,H € §r, and x € (F*G)x H. What this means (by what we just proved
above) is that x > 2’h for some 2’ € FxG and h € H. Then 2’/ > fg for some f € F
and g € (G, and once again using that the operation is order preserving we gather
that x > (fg)h. Now, we use that the extra operation on L is associative to conclude
that © > f(gh) € F * (G * H). The reverse containment is similar.ll

Definition 2.8 Consider (L, A, V,-) where (L, A, V) is a lattice and (L, ) is a semi-
group. If L has the property that for any z,y,2 € L, z- (yVz) = (x-y) V (z - 2)
and (yVz) -z = (y-x)V (z-z) (and dually for A), then we say (L,A,V,-) is a
lattice-ordered semigroup (or ¢-semigroup for short). Notice that this implies that the
product is order preserving and so we can apply the above results. By a distributive
£-semigroup we mean an f-semigroup whose lattice is distributive.



Proposition 2.9 Suppose (L,A,V, ") is a distributive £-semigroup. Then (Fr, A, V, *)
1$ a distributive quantale. Furthermore, the following properties are satisfied.

1. For anyy,z € L, FyxF, =F,..

2. (Fr,*) is a commutative semigroup if and only if (L,-) is a commutative semi-
group.

Proof. First notice that since L is distributive so is (§, A, V). Next, to show that
(Fr, A, V) is a quantale we need to demonstrate that for any F' € § and {H;}icr C §1

icl icl
Let y € F *\/;c; H;. This means that y > f -z for some f € F and x € \/,c; H;.
Recall that © € \/,.; H; means there is a finite collection of I, say iy,--- ,i, € I and

hj € H;; (j=1,---,n) for which

x> hi Ao Ah

Therefore,

fra
f’(hil/\"’/\hin)
b A A SR,

AVANAY]

Now for each j = 1,--- ,n we know that f-h;; € FxH;,, and therefore, y € \/;,.; F*H;.
Thus, F *\/;c; Hi < ;e F' + H;.

Conversely, if y € \/;c; F * H;, then y > A--- Ay, for some z;; € F * H;,.
Then z;, > f;j - hi; for appropriate f; € F' and h;; € H;,. We conclude that (§r,AV,)

is a quantale.

el

1. Let y,z € L. Recall that € F),., precisely when = > y - 2, and therefore
x € Fy x F,. Conversely, let x € F, * F,. By Proposition 2.7 there are y; € F} and
z1 € F, such that « > y1 - z1. Note that y; > y and z; > z. Since L is an ¢-semigroup
it follows that x > y - 2z, whence z € F..
2. The necessity easily follows from 1. since if * is commutative then for any
xz,y € L we have
Foy=FoxFy=F,xF,=F,,

and therefore, we have that xy € Fy.;, so xy > yx. Similarly, we derive that yx > xy
and so we conclude that yr = xy, whence - is a commutative operation.

As for the reverse suppose that - is a commutative operation and let F, H € §y.
Let x € F «x H which means that x > fh for appropriate f € F' and h € H. Now,
since - is commutative we get that © > hf and so x € H x F. Hence F x H C H % F.
A similar argument yields that H x F C Fx H and so H+« F = F « H.l



Example 2.10 The most natural example of ¢-semigroup, and the one we are most
interested in, is the positive cone of a lattice-ordered group. It is known that an
f-group is a distributive f-semigroup, and hence its positive cone is a distributive
f-monoid with a least element. We arrive at our two main theorems of this section.
Combined, the two theorems give us our generalization of the Jaffard-Ohm-Kaplansky
Theorem to arbitrary lattice-ordered groups. For our purposes here we shall consider
an isomorphism of quantal frames to be a bijection which preserves finite products,
finite meets, and arbitrary joins.

Theorem 2.11 Let (G, -, e) be an arbitrary £-group. Then Fq+ is a strictly two-sided
coherent quantal frame for which F« (HANJ) = (FxH)AN(F*J) and (HAJ)* F =
(HxF)N(H*F) for all F,H,J € §g+. Moreover, the nonzero compact elements of
Sa+ are cancellative.

Proof. As we mentioned previously the lattice structure on G is distributive and
has a least element so by Theorem 2.5 and Proposition 2.9, §4+ is a coherent quantal
frame. That §q+ is strictly two-sided stems from the equality 1« H = Fox H = H =
HxF,=H=x1.

In general, we always have Fx(HAJ) < (FxH)A(Fx*J),solet x € (FxH)A(FxJ).
This means that for some f1,fo € F, h € H,and j € J, x > fih and x > fo5. It
follows that © > f'h and x > f'j where f' = fi A fo € F. Thus, z > f'hV f'j =
f'(hV j). Notice that hVj € HAJ and so x € Fx(H AJ). The other equalities also
hold.

To see that the compact elements are cancellative let F, € R(Fq+) and H, J € Fo+
satisfy F, * H = F, * J. We aim to prove that H = J. To that end let h € H. Then
zh € FyxH = F,xJ and so xh > zj for some j € J. Since this inequality takes place
in an ¢-group we conclude that h > j and so h € J, whence H C J. By symmetry we
conclude that H = J. Similarly, if H * F, = J % F,, then H = J. Consequently, every
compact element is a cancellative element of §5+.H

Theorem 2.12 Suppose (Q, N\, V, ) is a strictly two-sided coherent quantal frame for
which the nonzero compact elements of Q are cancellative and a-(bAc) = (a-b)A(a-c)
and (bAc)-a= (bAa)-(cAa) for all a,b,c € R(Q). Then there exists an ¢{-monoid
L for which Q = Fr.

Proof. First note that the hypothesis on ) forces the set of nonzero compact
elements of @ to be both a lattice and a semigroup. Denote the partial order on @ by
< and define the reverse partial-order on L = R(Q) ~. {0} (the set of nonzero compact
elements of ()) by = = y precisely when x > y. It follows that (L, <,M,L!) is a lattice
where the supremum (infimum)of z and y, denoted by zUy (zMy), is zAy (zVy). By
hypothesis 1 € £(Q) and so 1 is the least element of L. Moreover, since @ is strictly
two-sided it follows that bottom element of L is an identity of L. Therefore, L is a



lattice with bottom element as well as a monoid. The hypothesis that - distributes
over meets guarantees that L is an /-monoid.

Next, we show that Q = §1 as quantal frames. But this is straightforward once
we notice that the nonzero compact elements of §; are in 1-1 order reversing corre-
spondence with L = R(Q) ~ {0}. Consequently, the compact elements of §, are in
1-1 order preserving correspondence with £(Q). Since both §7 and @ are coherent,
this correspondence extends to a frame isomorphism between §; and @ (and hence
it preserves finite meets and arbitrary joins). Therefore, it suffices to show that this
correspondence preserves the binary operation x. To that end let F, H € §r and
denote the correspondence just described by @ : §; — . Then

oF«H) = o\ z\/ h
x€F heH
= O \/ x-h)
zeFheH
= \/ xz-h
zeFheH
= \/ z \/ h
xeF  heH
= O(F)«P(H)

Therefore, Q = 5.1

Corollary 2.13 Let R be a commutative Prifer domain and let G be its group of
invertible ideals. Then L(R) = §g+ as quantal frames.

3 Complemented /-Groups

In this final section we give a nice application of our results from the previous section.

In [2] the authors investigated complemented ¢-groups. They defined an ¢-group
(G, -, e) to be complemented if for every g € GT there is an h € GT for which gAh = ¢
and g V h is a weak-order unit. (Recall that a weak-order unit is a positive element
u € G for which u A g = e implies ¢ = e for any g € G*.) They investigated
the topological structure of the Zariski topology on the collection of minimal prime
subgroups of G, denoted Min(G). They classified complemented ¢-groups as those
¢-groups for which Min(G) is compact. Their proof involved a transfinite induction
and by the authors’ own admission seemed overly complicated. In [6] the proof for
abelian /-groups was shortened considerably and did not use transfinite induction. In
this section we show that the argument used in [6] can now be applied to arbitrary
f-groups using our generalization to the Jaffard-Ohm-Kaplansky Theorem.

10



Definition 3.1 Let G be an f-group and H a subgroup. We say H is a convex {-
subgroup of G if H is a sublattice that also has the property that whenever e < g < h
for some h € H, then g € H. A prime subgroup of G is a convex ¢-subgroup P for
which a Ab € P implies a € P or b € P. The convex ¢-subgroup P is prime if and
only if the set of cosets G/P is a totally-ordered set. Zorn’s Lemma ensures that
prime subgroups exist in £-groups and, moreover, every prime subgroup of GG contains
a minimal prime subgroup. The collection of all minimal prime subgroups is denoted
Min(G). Weak order units can be characterized using minimal prime subgroups. The
element u is a weak order unit if and only if it does not belong to any minimal prime
subgroup.

Min(G) is endowed with two topologies. The first is the Zariski topology (a.k.a.
the hull-kernel topology) which is constructed using the base of open sets {Up,(9) }gec
where

Un(g) ={P € Min(G) : g & P}.

The set-theoretic complement of Uy, (g) is denoted V;,(g). These sets have the prop-
erty that Up,(g9) = Un(]g]) and so we might as well assume g € G*. Furthermore, for
any g,h € G, Up(9)NUp(h) = Upn(gAh) and U, (g9)UUp (R) = Upn(gVh) = Un(gh).
We cite [2] as a reference for the Zariski topology on Min(G). It is known that each
Un(g) is a clopen set in the Zariski topology and that Min(G) is a zero-dimensional
Hausdorff space. (Zero-dimensional space means that it has a base of clopen sets.)

The inverse topology on Min(G) is the one obtained by taking sets of the form
Vin(g) (g € GT) as a base for a topology. This topology is always T; and compact,
yet not 75 in general. So that there is no confusion we denote the inverse topology
on Min(G) by Min(G)~L. Since each basic open set of Min(G)™t, V,,(g) is also
open in the Zariski topology on Min(G), it follows that the Zariski topology is finer
than the inverse topology. For more information on Min(G)~! when G is abelian we
recommend the reader check [6].

For a Bézout domain R it is known that there is one-to-one order reversing cor-
respondence between the prime ideals of R and the prime subgroups of its group of
divisibility G(R) (recall Definition 1.2). This correspondence also holds for Priifer
domains but in the more general context; namely, between the minimal prime ideals
of R and the prime subgroups of Inv(G). We put this in its appropriate context.

Definition 3.2 Let (Q, A, V,-) be a coherent strictly two-sided quantal frame. The
element p € @ is called a prime element if whenever a - b < p, then a < p or b < p.
Since @ is compact it follows that every element x < 1 lies beneath a maximal element
(use Zorn’s Lemma). By a mazimal element we mean an element m < 1 for which
m <n <1 implies m =n or 1 = n. Moreover, since @ is strictly two-sided it follows
that these maximal element are in fact prime elements of (). We denote the set of
maximal elements of @ by Maz(Q).

11



We endow Maz(Q) with two topologies: the Zariski topology and the inverse
topology. For any compact element z € R(Q) we define Ups(z) = {m € Max(Q) :
z % m} (and its set-theoretic complement by Vis(z)). These sets have the following
properties. For any z,y € R(Q), Unp(x) N Un(y) = Unm(x - y) and Up(x) UUM(y) =
Uy (z Vy). It follows that both sets {Up(x) : x € R(Q)} and {Viy(z) : z € R(Q)}
form bases for topologies on Maz(Q). The one endowed with the former is called
the Zariski topology, while the latter is called the inverse topology and is denoted
Maz(Q)~ L.

For an /-group G the prime elements of F+ are precisely the prime filters on G™.
The maximal elements of Fo+ are precisely the ultrafilters on G*. In general there is
a one-to-one order reversing correspondence between the set of prime elements of Fo+
and the set of prime subgroups of G. An excellent reference for this is Proposition 14.3
of [3]. It is useful to note that for a prime element p € Fo+ the corresponding prime
subgroup P, is the convex f-subgroup generated by the set {g € G* : g ¢ p}. The
above correspondence theorem is sometimes referred to as the Lemma on Ultrafilters.

Lemma 3.3 The correspondence ¥ : Max(§g+) — Min(G) defined by V(p) = P, is
a bijection for which W(Up(Fy)) = Vin(z) and U (Vi (Fy)) = Up ().

Proof. Let M € Uy (F,). This means that F, £ M and so z ¢ M. Therefore,
x € Py. Tt follows that W(M) = Py € V(). Conversely, let P € V,,(z) and
let M € Max(Fg+) satisfy Pyy = P. Then x ¢ M and so F, <« M, whence M €
Up(Fq+)- A

Corollary 3.4 For any £-group G:

1) ¥ : Max(§g+) — Min(G) is a homeomorphism between Max(§g+) and
Min(G)™L. Therefore, Max(Fg+) is a compact T} -space.

2) U : Max(Fa+) — Min(G) is a homeomorphism between Maz(For)~' and
Min(G). Therefore, Maz(F+)~! is a zero-dimensional Hausdorff space.

We now share an easier proof of Theorem 2.2 of [2]. Notice that we avoid using
transfinite induction.

Theorem 3.5 For an (-group G, the following statements are equivalent.
1. G is a complemented £-group.

2. Min(G) = Min(G)™1, i.e. the Zariski topology on Min(G) equals the inverse
topology on Min(G).

3. Min(G) is compact.
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Proof. 1. = 2. Suppose G is a complemented ¢-group. In general, the Zariski
topology is finer than the inverse topology on Min(G). Therefore to show equality
it suffices to show that every set of the form U,,(g) is inverse open. To that end let
g € GT. By hypothesis, there is some h € G such that g Ah = e and gV h is a weak
order unit. Since Uy, (g) N Up(h) = Un(g A h) = Up(e) = 0 and U, (g) U Up,(h) =
Un(g V h) = Min(G) where the latter equality follows from the fact that a weak
order unit is contained in no minimal prime subgroup. We have thus demonstrated
that Uy, (g) = Vi (h) and therefore every basic Zariski open set is an inverse open set,
whence Min(G) = Min(G)~!.

2. = 3. This follows from the fact that the inverse topology is always compact.

3. = 1. Suppose Min(G) is compact and let g € G*. Since V,,(g) is an open
subset of Min(G) it follows that we can cover V,,(g) by basic open sets, say

Vin(g) = U Unn (D)

bel

for some subset I C GT. Because Min(G) is compact so is the closed set V,(G)
and therefore the above cover can be reduced to a finite subcover, say V,,(g) =
Un(b) U+ UUp(by) = U(by V-V b,). What we have show is that for every
g € GT, there is some b € G such that U, (g) = Vin(b). We claim that b is
a complement of g. First note that Uy, (g A b) = Un(g) N Up(b) = 0. Since the
intersection of all minimal prime subgroups of G is e it follows that g Nb = e. Next,
Min(G) = Up(g) U Upn(b) = Un(g V b) and therefore g V b does not belong to any
minimal prime subgroup of GG, whence g V b is a weak-order unit of G. We conclude
that G is a complemented ¢-group.l

References

[1] J. Brewer and L. Klingler, The ordered group of invertible ideals of
a Priifer domain of finite character, Comm. Alg. 33 (2005), no. 11,
4197-4203.

[2] P. Conrad and J. Martinez, Complemented ¢-groups, Indag. Math.
(N.S.), 1 (1990), no. 3, 281-297.

[3] M. Darnel, Theory of Lattice-Ordered Groups, Monographs and
Textbooks in Pure and Applied Math., 187, Marcel Dekker, 1995.

[4] R. Gilmer, Multiplicative Ideal Theory, Kingston, Ont., Queen’s
University, 1992.

[5] K. Rosenthal, Quantales and Their Applications, Pittman Research
Notes in Mathematics Series, 234, John Wiley & Sons, 1990.

13



[6] W. Wm. McGovern, Neat rings, J. Pure Appl. Algebra, 205 (2006),
no. 2., 243-265.

Wolf Iberkleid, Department of Mathematics, Nova Southeastern, Ft. Lauderdale, FL
33314, wiberkleid@gmail.com

Warren Wm. McGovern®, Department of Mathematics and Statistics, Bowling Green
State University, Bowling Green, OH 43403, warrenb@bgnet.bgsu.edu

* corresponding author

14



