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Abstract

Exploiting the interplay between hyperbolic and isotropic geometry, we prove
that the grassmannian of totally isotropic k-spaces of the polar space associated to

the symplectic group Sp,,(F) has generating rank (2,?) — (,f_’g) when Char(F) # 2.



1 Introduction

Generating sets of point-line geometries serve both theoretical and computational
purposes. For instance, the generating rank of a geometry equals the dimension of
the universal embedding of that geometry, if it exists. On the other hand, minimal
generating sets may serve in creating computer models of point-line geometries.

Until now, the building of type A, of all linear subspaces of a vector space
is the only one of which the generating rank is known for each of its k-shadow
spaces (projective k-Grassmannians) (see Cooperstein and Shult [7] and Blok and
Brouwer [4]). In this paper we deal with the symplectic building of type C,, over
a field of odd characteristic and exhibit minimal generating sets for all symplectic
k-Grassmannians.

For a few of these geometries a minimal generating set has already been found.
Let IF be a field of characteristic not 2. It was proved by Cooperstein and Shult [7]
and Blok and Brouwer [4] that the generating rank of the symplectic polar space
associated to the group Sp,, (F) has generating rank 2n = (%) — (7). In [5] Blok
and Pasini prove that the line-grassmannian of the symplectic polar space associated
to the group Sp,,(F), if F is a prime field, has generating rank (22") — (20”). In
Cooperstein [12] and Blok [3] it is proved that this geometry has that generating
rank over an arbitrary field of characteristic not 2. In [10] Cooperstein proved that
the dual polar space associated to Sp,, (IF) has generating rank (27?) — (n2f2). The
generating sets presented in the above papers vary greatly in structure.

It is one of our main goals to describe a minimal generating set for an arbitrary

symplectic grassmannian in a unified way and to prove the following.

Theorem 1 The k-grassmannian of the polar space associated to Sp,, (F) has ge-

nerating rank (2:) — (;_”2) if F is a field with Char(FF) # 2.

We mention that in even characteristic the geometry can be viewed as orthog-
onal rather than symplectic through the isomorphism Sp,,(F) = Og,41(F) induced
by projection from the nucleus of the bilinear form. Generating results for such
geometries were obtained by Brouwer and Blokhuis [6], Cooperstein [8], and Li [13].

More on generating sets can be found in Cooperstein [11] and Blok [2].

2 Preliminaries

A point-line geometry is a pair I' = (P, L) where P is a set whose elements are called
‘points’ and L is a collection of subsets of P called ‘lines’ with the property that
any two points belong to at most one line. If P and £ are not mentioned explicitly,
the sets of points and lines of a point-line geometry I' are denoted P(I') and L(I).

A subspace of T is a subset X C P such that any line containing at least two
points of X entirely belongs to X. A hyperplane of T' is a proper subspace that
meets every line.



Projective embeddings and Generating sets The span of a set S C P is the
smallest subspace containing S; it is the intersection of all subspaces containing S
and is denoted by (S)r. We say that S is a generating set (or spanning set) for T if
(S)r="P.

For a vector space W over some field IF, the projective geometry associated to W
is the point-line geometry P(W) = (P(W), L(W)) whose points are the 1-spaces of
W and whose lines are the sets of 1-spaces contained in some 2-space.

A projective embedding of a point-line geometry I' = (P, L) is a pair (¢, W),
where € is an injective map P —— P(W) that sends every line of £ onto a line of
L(W), and with the property that

In the literature, this is often referred to as a strong projective embedding. The
dimension of the embedding is the dimension of the vector space W. In this paper
we will assume both dim(W') and |S| to be finite. Then, since ¢((S)r) C (e(S))w,
for any generating set S and any embedding (e, W) we have

dim(W) < |S].
In case of equality, § is a minimal generating set and W is an embedding of maximal

dimension. We then call dim(W) = |S| the generating rank of T

We briefly describe the particular geometries we will discuss in this paper.

The Projective Grassmannian Let V be a vector space over some field F. For
any k with 1 < k < dim(V'), the projective k-grassmannian associated to V' is the
point-line geometry Gr(V, k) whose points are the k-spaces of V' and whose lines are
sets of the form

{K ak-spacein V| D C K CU}

for some (k — 1)-space D and (k + 1)-space U 2 D.

The Symplectic Grassmannian Let V' be a vector space of dimension 2n over
a field F endowed with a non-degenerate symplectic form s(-,-). For a subspace U

of V we define
Ut ={veV|s(uv)=0VucU}

We write U L W if W C U*. The radical of a subspace W is

Rad(W,s) = W+ nW.



A subspace U of V is called totally isotropic (t.i.) with respect to the form s(-,-) if
U C U*. Tt is called non-degenerate if Rad(U) = {0}.

The symplectic polar space is the point-line geometry IS whose points are the
t.i. 1-spaces of V' and whose lines are sets of 1-spaces of the form

{P a t.i. 1-space of V | P C L}

for some t.i. 2-space L. We sometimes call t.i. 3-spaces planes. A hyperbolic line H
is a 2-space in V' such that s restricted to H is non-degenerate.

The symplectic k-grassmannian is the point-line geometry I3 (V) = (Pi, L)
whose points are the t.i. k-spaces and whose lines are the sets of the form

{K at.i. k-spacein V| DC K CU}

for some t.i. (k — 1)-space D and t.i. (k+ 1)-space U D D. In case k = n, the lines
are of the form
{K ati. k-spacein V | D C K}

for some t.i. (n — 1)-space D. We will call the points and lines of I'; (V') Points and
Lines to distinguish them from the points and lines of I'5(V'). Whenever V or s is
clear from the context, we’ll drop it from the notation.

We denote the group of linear transformations preserving the form s on V' by
Sp(V) = Sp,,(F). Clearly Sp(V) is an automorphism group of I} for all k =
1,2,...,n in that it preserves points and lines and the incidence between them.

We will need the following result from Blok and Brouwer [4] and Cooperstein
and Shult [7] on the generating rank of I';.

Theorem 2.1 Let 'y be the symplectic polar space associated to Sp(V') where Char(F) #
2. Then I'y has generating rank 2n and it is generated by the 2n points of an apart-
ment i.e. a hyperbolic basis.

3 Hyperbolic geometry and hyperbolic 2n-gons

Let V be a vector space of dimension 2n over a field F of odd characteristic en-
dowed with a non-degenerate symplectic form s(-,-). For any subspace W C V
with the form induced by s, the hyperbolic geometry of W is the point-line geometry
Phyp(W) = (Payp(W), Luyp(W)) with

Pryp = {1-spaces in W — Rad(W)}
Lyy, = {hyperbolic 2-spaces in W — Rad ()}

We set I'nyp = Thyp(V), Payp = Phyp(V), Lhyp = Luyp(V). Note that, if W is
non-degenerate, then I' (W) and I'yy, (1) have the same point-set.
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Definition 3.1 Let W <V be a subspace of dimension m such that

. 1 if m is odd
dim(Rad (W, s)) = { 0 otherwise.
A tight hyperbolic sequence or THS for W is an ordered set of points in 'y, (W)
P1, D2, -« -y Dm © W — Rad(W,s), such that setting W; = (p1, pa, ..., pi)w, we have

(THS1) dim(W;) = 1,
(THS2) pji, NRad(W;,s) =0, and

(THS3)
1 ifiisodd

dim(Rad(W;,s)) = { 0 otherwise.

Note that in fact (THS3) follows from (THS1)+(THS2).

Lemma 3.2 Let W <V be a subspace as in Definition 3.1. Then,
(a) W has a tight hyperbolic sequence,

If, in addition, |F| > 3, then
(b) the points on a tight hyperbolic sequence generate I'ny,(W).

Proof (a) We prove this by induction on m. For m = 2 we have Rad(W,s) = 0
and so any two points, in any order, form a THS. Now let m > 2.

If m is even, then dim(Rad(W,s)) = 0 and any subspace W,,_; of dimension
m — 1 has dim(Rad(W,,—1,s)) = 1. If m is odd then dim(Rad(W,s)) = 1 and any
Wi—1 of dimension m — 1 not containing Rad (W, s) has dim(Rad(W,,-1,s)) = 0. By
induction there exists a THS pq, po, ..., pm_1 for W,,_1 so we only need to find p,,.

If m — 1 is even, then, Rad(W,,_;,s) = 0 and dim(W: ;) = 1. So we can choose
P CW—=W,,_1 =W | and we are done. If m—1is odd, then dim(Rad(W,,_1,s)) =
1 and dim(Rad(W,s)) = dim(Rad(W,,_2,s)) = 0. We find that W1 , N W is
a hyperbolic line containing Rad(W,,_1,s). Choosing p,, also in this hyperbolic
line, but different from Rad(W,,_1,s) we ensure that p N Rad(W,,_1,s) = 0 and
(Wi-1,Pm)w = W. This concludes the proof of part (a).

(b) Again, we prove this by induction on m. For m = 2 any THS is a set of two
points which generate the line of I'yy, (W) that is W itself.

Now let m > 2 and let p1,po,...,pm be a THS for W = W,,. By induction
(P1,P2; - -, Pm—1)T,, contains all points of W, 1 — Rad(W,,_1,s).
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Note that every 2-space containing p,, and a point of W,,_; — Rad(W,,_1,s) —
(pt NW,,_1) is hyperbolic. Therefore (p1, p2, ..., Pm) Iy, contains all points on such
hyperbolic 2-spaces.

It remains to show that all points (except Rad(W,s)) on some 2-space containing
pm and a point of Rad(W,,_1,s) U (ps, N W,,_1) are in (py,pa, . - . s Prm) Thyp -

We first deal with the special case m = 3. By definition of a THS, p3 2 W,.
Using that I'yy,, is a dual affine plane, one easily checks that ps together with any
two points on W5 generates I'yy,,.

Now let m > 3. First consider any point = € p;- N W,,_;. In view of (THS2) we
know that x € Wy, 1 —Rad(Wy,—1,5) = (p1,P2; -+, Pm—1)Thy,- Lt Yy € L = (2, D) w
with y # Rad(W,s). We show that there exists a point

2 € W1 — Rad(Wy,_1,s) — (pp, Ua™ Uy™h).

Then, z,z,p, is a THS for W' = (z,z,pm)w and y ¢ Rad(W’,s). It then fol-
lows from case m = 3 that y € (z,2,pm)r,,, and we are done since x,2,p, €
(p1,p2, - - ,Pm>rhyp~

We have two cases.

(1) 2-NW,,_1 = pt NW,,_1. In this case first note that z-NW,,_; = {z, p,,}1 N
W1 =yt N W,,_1. Now let z be any point in W,,_; — Rad(W,,_1,s) — (p: N
Wyn1). Such a point exists otherwise z = Rad(W,,_1,s) C p,, contradicting the
THS property for p,,.

(2) 2t N Wy # ps N W,,_q. In this case the hyperplanes t+ N W,,_; with
t € L = xp,, are all distinct and intersect in the codimension-2 subspace L NW,,,_.
Let L' be any 2-space of W,,,_; missing L*. Then, the points t* N L’ with t € L are
all distinct. In particular, since |[F| > 3 we can find a point z on L' — (zt Uyt Up}).
Clearly z has the required properties.

Having handled cases (1) and (2) we have shown that all points on all lines meet-
ing pp, and W, _1 — Rad(W,,,_1,s) except Rad(W,s) itself are in (p1,pa, ..., Pm)ry,, -

The only case left is m > 3 even and y a point on the line L = p,,r where
r = Rad(W,,_1,s). Note that L* NW,,_; =t NW,,_; forallt € L — {r}. By
definition of a THS, r ¢ pfn so L is a line of I'yy,. Take any line L' C W,,_; on r.
Since |F| > 3 we can find two points 2,2’ € L' — {r} — p-. Then z, p,,, 2" is a THS
for W' = (z, 2/, pm)v. Note that y € W’ and y # Rad(WW’,s) so we can apply case
m = 3. Thus, since 2, 2, p, € (P1,D2, -+ - ; Pm)Tyy, alSO Y € (P1, P25 - -, D)1y, - Since
y is allowed to equal r, we are done. 0]

Definition 3.3 Let U be a vector space of dimension 2/ over a field F endowed
with a non-degenerate symplectic form s(-,-). A hyperbolic k-path is a set of points

P —{p1,pa,....pr} in I'yyp(U) with the property that dim((py,pa,....px)) = k



and the geometry induced on P by I'ny,,(U) is a k-path. A hyperbolic k-cycle is
a hyperbolic (k — 1)-path together with a point that is collinear in I'yy,(U) to
both endpoints of that path. A hyperbolic 2l-gon for U is a set of points T =
{p1,p2, ..., pu} in I'ny,(U) with the property that (p1,pe,...,pu)v = U and such
that the geometry induced on T by I'y,,(U) is a 2l-gon. That is, p; and p; are
collinear in I'yy,(U) if and only if |i — j| = 1 mod 2.

Lemma 3.4 (a) V has a hyperbolic 2n-gon,

(b) a hyperbolic 2n-gon can be ordered as a tight hyperbolic sequence for V.,

(c) the points on a hyperbolic 2n-gon generate I'yy, (V).
Proof (a) Let {e;, fi | i =1,2,...,n} be a basis for V so that

s(ei, ;) =0y
s(ei,e;) =s(fi, [;) =0

for all 4,5 € {1,2,...,n}. That is, it is a hyperbolic basis.

Let
p2j—1 = <€j> v.] = 1,2,...,n
pgj :<fj—fj+1> Vj:1,2,...,n—1
Pon = <Cfn — f1> with ¢ 7£ 0

In addition, we require that ¢ # 1 if n = 2.

One checks that s(p;,p;) = 0 except when [i — j| = 1mod2n. Thus T =
{p1,p2, ... p2n} is a 2n-gon in I'yy,. Clearly (T)y = (e;, fi | i =1,2,...,n)y =V
so T is a hyperbolic 2n-cycle, which is a hyperbolic 2n-gon unless n = 2 and ¢ = 1.
Note that in case n = 2 we need to be able to choose ¢ € F — {0,1}. In our case
this is possible since F # Fj.

(b) Given a hyperbolic 2n-gon T' = {p1, pa, ..., pon}, let Vi = (p1,po, ..., 0i)v.

(THS1) This follows from the fact that (T"), = V.

(THS2) We show by induction on ¢ = 2,3,4,...,2n — 1, that pj, NRad(V;,s) =
{0}. Consider the subspaces U = (p1,ps,...,pox—1)v and U = (pa, p4, ..., pox)v of
Vo, These are disjoint and totally isotropic. One can extend {e; }5?:1 to a hyperbolic
basis for Vo, using vectors in U’. Thus, dim(Rad(Va;)) = 0.

Now let 1 < k < n. Then we see that py;,, NRad(Vay,) = py;.,N{0} = {0}. Also,
Do NRad(Vari1) € Rad(Vagso) = {0}, showing that py;,,, N Rad(Vars1) = {0} as
well.

(c) This follows from (b) and Lemma 3.2. O



Definition 3.5 The hyperbolic 2n-cycle defined in Lemma 3.4 is called the stan-
dard hyperbolic 2n-cycle of type (n,c). We call it the standard hyperbolic 2n-gon of
type (n,c) if it is a hyperbolic 2n-gon, that is, if (n,c) # (2,1).

In the remainder of this section we will exploit the interaction between long-root
subgroups, the hyperbolic geometry I'yy, and a certain graph on the set of hyperbolic
2n-gons to obtain the generation tool presented in Proposition 3.20.

Recall that the long-root group U, of a t.i. 1-space p of V is the transvection
group with center p and axis p*.

Lemma 3.6 Let p, q, and x denote t.i. 1-spaces in V.

(a) For allp, U, is a subgroup of G = Sp(V') isomorphic to Ft, the additive group
of the field IF.

(b) For any p and q, there are precisely two possibilities

(h) Upq = (Up,Uy) = SLo(F), (p,q)v is a hyperbolic line, U, < U,, if and
only if x € (p,q)v, any U, is transitive on all points of (p,q)v —{x} and
all long-root groups in U, , — U, are conjugate under U,, or

(s) U, and U, commute, (p,q)yv is a totally isotropic line, and the only root
groups contained in Uy, are U, and U,.

Proof This is essentially 12.1 of Aschbacher and Seitz [1]. U
We denote the element of U, corresponding to t € F™ by U,(t).

Lemma 3.7 Let X be a set of points in Tyyp and let Ux = (U, | @ € X)g. Then
for every y € <X>thp we have U, < Ux and there is u € Ux and x € X such that
ur =vy.

Proof Consider the sequence X = Xy C X; C --- and let X = U;’io X,;. Here
Xit1 consists of all points in X; and all points y on some line of I',y, meeting X; in
at least two points. Then we have (X)r, == X.

We now prove the following statement by induction on i.

For every y € X; we have U, < Ux and there is u € Ux and z € X such that
uxr =y.

For ¢+ = 0 take x = y and v = id. Now let 7 > 0. Choose y € X;,1. Then there
exist ¢, y” € X, such that y lies on the line (y/, y”)v of I'yyp. By assumption there are
22" € X and v/, u" € Ux with v'2’ = ¢ and v”2” = y”. Now by Lemma 3.6 case
(h) we have U, < (Uy,Uy)c = SLy(FF) and there exists v € Uy, such that vy’ =y
and U;’fl = U,. Let u = vu’. By induction U,,U,» < Ux and so U, = U;’fl < Ux
and ux’ = vu'zr’ =y where u = vu' € Uy, 2’ € X, as desired. O
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Corollary 3.8 Let T' = {p1,pa, ..., pan} be a hyperbolic 2n-gon. Then Ur = (U,
i=1,2,...,2n) is transitive on the points of I'vy, and contains U, for every point

p. Hence, Upr = Sp(V).

Proof By Lemma 3.4 (T')r,,, = 'yyp so the first statement follows from Lemma 3.7.
It is well-known that Sp(V) is generated by its long-root groups and we find Ur =
Sp(V). O

Definition 3.9 Let 7 be the collection of all hyperbolic 2n-gons in V' and let
© = (7, ~) be the graph whose vertices are the elements of 7 and in which 7" ~ T"
if and only if there exists a point p € T" and an element u € U, such that «T" = T".
For any T' € 7, let C(T) be the connected component of © containing 7T'.

Lemma 3.10 Let T be a hyperbolic 2n-gon. Then,
(a) Ur =Sp(V),
(

b) Sp(V) < Aut(©),

(

(d

(e
Proof (a) This is part of Corollary 3.8.

(b) First note that Ur < Sp(V)(F) < Aut(I'ny,) so Ur preserves 7 as a set.
Let T7",7" € T be adjacent in ©. That is, there is p’ € 7" and v € Uy such that
WT' =T". Nowlet p € T and u € U,. Then uT” = wu'T" = wu'u*uT’, and
wu'ut € U;j,_l = U,y where up’ € uT’. Thus again v71” and 7" are adjacent in ©
and it follows that U, < Aut(©). Hence Ur < Aut(0), as desired.

(c) Let p € T and u € Uy,. Then by (a) uC(T) = C(T"), where 7" = uT. By
definition of O, though, 7" ~ T" so that C(T") = C(T).

(d) Any two hyperbolic 2n-gons T and 7" are adjacent whenever there is an
element v € U, for some point p on T such that «T" = T’. Therefore Sp(V) is

transitive on C'(7T)).
(e) This is immediate from (c) and (d). O

We can in fact label and count the orbits of Sp(V') on ©.

p(V) is transitive on C(T).

)
) S
¢) In fact, Sp(V) < Stabauye)(C(T)).
) S
)

The orbits of Sp(V') on © are the connected components C(T), T € T.

Definition 3.11 An edge marked hyperbolic 2n-cycle is a pair (T, e), where T is a
hyperbolic 2n-cycle and e is a directed edge on T that is the first edge of a hyperbolic



(2n—1)-path in T'. In particular, an edge marked hyperbolic 2n-gon (T, e) is an edge
marked hyperbolic 2n-cycle, where T' is a hyperbolic 2n-gon. Note that in this case,
we can take any edge for e. We calculate the class number of (T, e) as follows. We
number the points of T" as py, pa, ..., P2, such that py,po, ..., p2n—1 is a hyperbolic
(2n — 1)-path and e = pyps. The class number of (T e) is

17 s(ugi—1, us;)

17 s(ug;, ugit1)’

c(T,e) = (3.1)
where indices are taken modulo 2n and, for all j = 1,2,...,2n, u; € p; is an
arbitrary non-zero vector. In the case n = 2, even if py = py, we do not require that
Ug = U2.

Lemma 3.12 (a) With the above notation, c¢(T,e) does not depend on the choice

of {u; ?21.

(b) Now let T be a hyperbolic 2n-gon and let f be another directed edge of T.
Then,

(T e) if f=poi_1pa  for some 1 < i <mn,
oT.f)=9q c(Te) if f=pap2i-1  for some 1 <1 <mn,
co(T,e)~t else.

Proof (a) Any other non-zero vector in p; looks like Au; for some A € F. Since s is
bilinear, the value of 3.1, in which u; appears once above and below, is unchanged.

(b) If f = po;_1pei, then all indices j above an below in 3.1 are replaced by
7+ 2i — 2. This clearly leaves the value unaffected. If f = po;pe;—1 then effectively
both the numerator and denominator of 3.1 are multiplied by —1". This clearly
does not affect the value. In all other cases the numerator and denominator of 3.1
are interchanged. ([l

Definition 3.13 Let T be a hyperbolic 2n-gon. The class number of T is ¢(T') =
{c(T,e),c(T,e)~'}, where e is some directed edge on T. By Lemma 3.12 this is
well-defined.

Example 3.14 Let T be the standard hyperbolic 2n-cycle of type (n,c¢) and let
e = p1p2. Then, ¢(T,e) = c.

Definition 3.15 An isomorphism of edge-marked hyperbolic 2n-cycles (T3, e;),
i = 1,2, is a graph isomorphism ¢: 77 — T, such that ¢(e;) = ey as a directed
edge. We call (T3, e1) and (75, e2) isometric if there is some element g € Sp(V') that



induces an isomorphism between (77,e;) and (75, e5). We write (T, e1) = (T3, e2).
We call T7 and Ty isometric if (Th,e1) and (75, e2) are isometric for some directed
edges e; and es. We write T} = T;. The same notation applies to edge-marked
hyperbolic 2n-gons.

Proposition 3.16 For i = 1,2, let (T;,e;) be an edge-marked hyperbolic 2n-cycle.
Then,

(a) (T1,e1) = (T, e9) if and only if c(T1,e1) = (T3, es),
Now let Ty and Ty be hyperbolic 2n-gons. Then,
(b) T1 =Ty if and only if ¢(Th) = ¢(T3),

(c)
Stabgpv) (1) = { giz ZZ Eg; i E{

Proof (a) The “only if” part is obvious since if there is g € Sp(V') sending (77, e1)
to (Ts,e3), then that g preserves s and hence the value of 3.1.
Now let (77, e1) and (15, e3) be any two edge-marked hyperbolic 2n-gons. Num-
ber the points cyclically
Ty =A{pi,p2,-.-,P2m},
T, ={q1,q2,- - @n}

such that e; = p1ps and ey = q1qo. Let

Al = <p17p37"'7p2n—1>a
AZ = <q17 g3, .- 7q2n—1>7
= <p27p4a s e 7p2n>7
= <Q27 q4,- - 7(]2n>-
Then V = A1 ® By = Ay ® By where A; and B; are disjoint maximal totally isotropic
subspaces for ¢ = 1,2. By choosing hyperbolic bases from A;UB; and A;UBs we can
see that there exists an element g € G with gA; = Ay and gB; = Bs. Thus assume
that A; = Ay and By = B,. Then Stabg,)(A4, B) = GL(A). Thus it contains an
element h such that hpy; 1 = q9;—1 for i = 1,2,... n. Thus assume in addition that
Poi—1 = Goi—1 fori =1,2,...,n. Note that po; = BN{re, p1, ..., P2i-1, P2is1, Pan—1}"
where indices are taken modulo 2n and ry; is a unique point on (pa;_1,p2it1) —
{p2i—1, P2it1-

Then Stabgpv)(p1,ps, - - - Pan—1, B) = GLi(F)" is simultaneously transitive on
the points of (pa; 1, paiy1) —{P2i_1,poisr1} foralli = 1,2, ... n—1. The kernel of this
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action is the center Z(GL(A)). Thus modulo the kernel of the action of Sp(V') on
PG(V), there is a unique element g € Sp(V') sending p; to ¢; for j =1,2,...,2n—1.
We now claim that gps, = ¢q,, if and only if ¢(77,e1) = (T3, es). To this end

choose nonzero u; € p; and v; € ¢; for all j = 1,2,...,2n. From the preceding
discussion and Lemma 3.12 it is clear that we may assume that u; = v; for all
1 = 1,2,...,2n — 1. Moreover, replacing vy, by Avy, we may also assume that

s(uon_1,U2p) = S(v2n_1,v2,). We now show that ¢(T3,e1) = ¢(Ts,e2) if and only if
S(tan, u1) = s(van, v1) if and only if ug, = vs,. For the first equivalence, we note that

we can choose uy,us, . .., ug, such that s(uj,ujy) =1 forall j =1,2,...,2n — 1.
Clearly, then (T}, e1) = s(ugy, u1)~" and the first equivalence follows. For the second
equivalence, we note that us, and vy, belong to X = {ps, ..., po,_1}-NB, which has

dimension 2. The equations s(ug,_1, U2,) = S(V2,_1, V2,) and s(ugp, u1) = s(vay, v1)
determine two independent affine hyperplanes of X that intersect in a single vector.
Hence uy,, = vay,.

(b) Clearly Ty = Ty if and only if (T3, f1) = (T3, f2) for some directed edges fi, fo.
By (a) this happens precisely if ¢(71, f1) = c¢(T3, fo) for some directed edges fi, fa.
Given preselected edges eq, e5, by Lemma 3.12 this happens precisely if ¢(T},e;) €
{C(T27 62), C(TQ, 62)_1}, that is if C(Tl) = C(Tg).

(c) Fix e € T and let g € Stabg,\(T). Let g(e) = f. Then we have ¢(T',e) =
o(T, f). If (T, e) # 1, then by Lemma 3.12, there are exactly 2n such directed edges
f lying on n undirected edges. If ¢(T,e) = 1, then ¢(T,e)™* = ¢(T,e) and so there
are exactly 4n such directed edges lying on 2n undirected edges. The isomorphisms
with the dihedral groups are obvious. 0

Corollary 3.17 Hyperbolic 2n-gons of class number ¢ € F* exist except if (n,c) =
(2,1).

Proof If n > 3, then for any ¢ € F*, the standard hyperbolic 2n-cycle of type (n, ¢)
is in fact a hyperbolic 2n-gon. Now let n = 2 and let T" be a hyperbolic 2n-gon.
By Proposition 3.16 part (a) such a hyperbolic 2n-gon is isometric to the standard
2n-cycle of type (n,c). However, this is a hyperbolic 2n-gon if and only if ¢ # 1. [

For any ¢ € F*, let ©, = {T € O, | ¢(T) = {c,c '} }.
Corollary 3.18 (a) The orbits of Sp(V') on © are of the form
C(T(n,c)) =0, =0,1=C(T(n,ct)),

where ¢ runs over F* — {1} if n = 2 and over F* if n > 3.

11



(b) In particular, if F =TF,, then there are N orbits, where

%—i—l if n=2,q odd,
% if n =2,q even,
342 ifn>3,q odd,

%—i—l if n > 3,q even.

N =

Proof (a) By Proposition 3.16 the sets ©, are the orbits of Sp(V)) on ©. By
Lemma 3.10 every orbit is a connected component C(7") for some 7" € 7. Thus
©. = C(T) for some hyperbolic 2n-gon T" with ¢(T") = ¢. By Corollary 3.17, ¢ € F*
can be anything so long as (n,c¢) # (2,1). Clearly we may choose T'= T'(n, ¢), the
standard hyperbolic 2n-gon of type (n,c). By definition O, = ©,-1 and (a) follows.

(b) We count the sets {(n, c), (n,c¢™!)} such that there exists a hyperbolic 2n-gon
of type (n,c). Noting that the only ¢ € F* such that ¢ = ¢! are ¢ = +1 and that
(n,c) can be any pair except (2,1) the number N follows. O

We now focus again on the points of I'nyp.

Lemma 3.19 Given a hyperbolic 2n-gon T', every point of Iy, belongs to some
hyperbolic 2n-gon in C(T').

Proof Let y be a point of I'yy,. Then by Lemma 3.7 there exists v € Ur and a
point x € T such that ux = y. Clearly y belongs to the hyperbolic 2n-gon uT and
by Lemma 3.10 uT € C(T). O

Proposition 3.20 Let V' be a vector space of dimension 2n over a field F of odd
characteristic endowed with a non-degenerate symplectic form. Suppose X is a set
of points in the hyperbolic geometry I'yy, (V') such that

(1) X contains a hyperbolic 2n-gon T,

(2) for any hyperbolic 2n-gon T" C X and any hyperbolic line L with |LNT'| > 2
we have p € X for allp € L,

then, X = Iyyp(V).

Proof Let 7" C X and let T” be adjacent to 7" in ©. That is, there is x € T" and
u € U, such that «T" = T"”. We claim that 7" C X. Namely, let L and L’ be the
two lines on = meeting 7" in points y,y" € T" respectively. Then z = uy € L and
2/ =wuy € L' by Lemma 3.6 case (h). By assumption (2) also z, 2z’ € X. Moreover,
since x L (T" — {y,y'}) it follows from Lemma 3.6 case (s), that uz’ = 2’ for all
points in 7" — {y,y'}. Hence T” C X. Thus we see that all hyperbolic 2n-gons in
C(T) are contained in X. By Lemma 3.19 we have X = I'yy, (V). O

12



We will apply Proposition 3.20 in the proof of Proposition 6.3, where X is a set
of S-full 1-spaces with respect to some set of points S in I'y,. We recall the definition
of S-full.

Definition 3.21 Let V and s be as before and let S C P, be some Point set of
the symplectic k-grassmannian I'5(V). For any l-space Y C V that is t.i. w.r.t. s,
let (V3 Y) = (Pe(V;Y), Li(V;Y)) be the subgeometry of I'5(V') of all Points and
Lines incident to Y. We call Y S-full if

As usual, we’ll drop s and V' from the notation, if these are clear from the context.
If {Y,}aca is a collection of t.i. subspaces, then we interpret I'5(V;{Ya}taca) as
(Vi (Ys | @ € A)y). This is done typically if {Y,}aca is a set of t.i. points on
some hyperbolic 2n-gon.

We will apply Proposition 3.20 in combination with the inductive methods given
by Lemmas 3.24 and 3.25.

Definition 3.22 Given a hyperbolic 2n-gon T and a point p we define a set TP
as follows. Let T'= {p1,pa,...,p2n} and without loss of generality assume p = p;.
Take ¢ to be the unique point on pi- N (pa,, po)v. Then TP = {q,p3,D4; - - -, Pon_1}-
If the points are labeled T' = {p1,pa, . .., p2n} and p = p; we will write 7% and label
q = ¢;. Note that TP is a hyperbolic 2(n — 1)-cycle.

Lemma 3.23 Let (T,¢) be an edge-marked hyperbolic 2n-gon. Suppose that p is a
point of T' such that e is an edge of TP. Then, ¢(T,e) = c(TP,e). In particular
c(T) = c(TP).

Proof (a) We number the points of T" as pq, pa, . . ., p2, such that p; is collinear to
p; for all 1 < 4,5 < 2n, such that |[i — j| = 1(mod 2n) and such that e = pip,.
We will pick p = p4, the other cases are completely similar. Now 7”7 has points
D1, P2, G4, D6, - - - s P2n. Choose non-zero u; € p; for all j = 1,2,...,2n. Note that g4
is the unique point on (p3, ps) —{ps, ps} that is orthogonal to p,. Thus ¢4 contains the
non-zero vector vy = ugs(u4, us) — uss(uy, uz) since this vector is clearly orthogonal
to ug € py and belongs to (ps, ps). Now

c(Te) _ S(U37u4)S<U/5,U6)/S('U4,'U/6)
c(Tr,e)  s(ug,uz)s(ug, us) s(ug,vy)

13



However

5(1}4, U6) = S(UgS(U4, U5) — U5S(U4, Ug), U6)
= S(Ug, UG)S(U4, U,5> — S(U,5, Uﬁ)S(U4, U3)
= s(us, us)s(us, ug)

and

s(ug, vg) = s(ug, uss(uy, us) — uss(uy, usz))
= S(U/27 U3)S<U4, U5> — S(UQ, U5)S(U4, U3)
= S(Ug, U3)S(U4, U,5>.

so the quotient is 1 and we’re done.

O

Lemma 3.24 Let n > 3 and let T' be a hyperbolic 2n-gon with ¢(T') # 1. Then, for

any point p € T, the set TP is a hyperbolic 2(n — 1)-gon for p*/p.

Proof We already saw that 7% is a hyperbolic 2(n — 1)-cycle. By Corollary 3.17
therefore it is a hyperbolic 2n-gon except if n —1 = 2 and ¢(71?, e) = 1 for some edge
e on TP. By part (a) and the assumption on ¢(7) this exception does not occur. [

Lemmas 3.24 and 3.25 play a role in the inductive definition of the generating

set Sy k-

Lemma 3.25 LetY be a t.i. [-space and X a t.i. m-space of V' such that l,m < k.

Then,

(1) there is an isomorphism

(VYY) = T5 (Yt nV)/Y)

K — K/Y for any Point K
(D,U) — (D/Y,UJY) for any Line (D,U),

where s’ is the form induced by s on V/Y, and

(2) if Y < X, the isomorphism in (1) restricts to an isomorphism

(Vi X) —T5 (VY X/Y).

Proof This is a direct consequence of the quotient properties of polar spaces.
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4 Definition of the generating set S, .

Given a vector space V of dimension 2n (with n > 2) over a field F endowed with a
non-degenerate symplectic form s. For 1 < k < n and any hyperbolic 2n-gon T of
V with ¢(T') # 1 we define a set S, x(T, V) of points of I';,(V'). In case T or V are
clear from the context we’ll drop them from the notation.

Let us label T = {p1, pa, ..., pan}. We call a set I C Py totally isotropic (t.i.) if
(I)y is totally isotropic. Given a set S of points of I'y and any I C T we let

St :{KES|KQT:]}
3] = L‘!‘J SJ.

ICJCT
We note that S; = S; = () if I is not totally isotropic.

Lemma 4.1

s = s
IcT,t. 1.

S = | Si={KeS|K21}
ICJCT,t.19.

We will now define S,, (7, V') by induction on k. For n > 1 and k = 1 define:
Sn,l(T, V)y=T.

In the sequel we'll write S, for S, x(7,V). Now let & > 2 and, by induction,
assume that, for © = 1,2,...,2n, we have already defined a set

Suc1i1 (T, 07 /i),

where T? = (T N p;-) U {¢;} is as in Definition 3.22. Note that by Lemmas 3.23
and 3.24 and the fact that ¢(T) # 1, the set T" is a hyperbolic 2(n — 1)-gon with
c(T?) # 1. This set induces a subset of Iy defined as follows.

SUTV) = {(pn Ky | K€ Sucrima (T 0 [0}

In the sequel we’ll write S\gk for §£fk(T, V') and will replace p; by i. By Lemma 3.25
with Y = p;, if S,151 (T, pi- /p;) generates T'y_1(p;-/p;), then the set gfm generates
Le(V;p;). In that case, if §;k C Sk, then p; is S, k-full. From Proposition 6.3 one

can conclude that the set Ugn

1=

1 gﬁk in fact generates I'y, but it is not at all minimal.
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From the same proposition it follows that, given any t.i. subset I C T', every set
S, . with p; € I in fact contains a generating set for Ty (V' (I)v). To address this
redundancy we use the notation introduced for Lemma 4.1. One verifies that, for
p; € I, we have

s = 0 Ky | K' € Spapr ooy (T 07 /02)}
W {(pi, K')v | K' € Sucip-1,1—pihotat (T 01 /i) }

where I — {p;} C T" — {¢;} C T is t.i. and ¢; is the point of Definition 3.22. We
recall that if (I — {p;}) U {q;} is not a t.i. set, then S,_1 p—1,(7—{p,;}){a:} = 0

Note 4.2 Note that S\;“ is mapped bijectively onto S,_15—1,7—{p:} (T, pi-/pi) U
Snth-1,(1—{pi )i (T, pi-/p;) under the isomorphism T'y(p;) = Ty (p;-/ps)-
Abusing notation slightly, for I C T, let min I be the minimal element in {i | p; € I}.
Our proposed generating set for 'y is defined as follows. We set

(T if k=1
S 1+ Smnl\\{L} ifk=2
k= 9 ocicr t.i. and |11<k
v min [ if k>3
| ocrcr t.i. and |11<k

with the following stipulation
(t) In case k = 2, L is any one element from
v ol
ocricT t.i. and |11<2
meeting 7" in a single point p, that is, {L} = @L,Q’{pl} for some fixed [ € [2n].
We'll call p the redundancy point.
In case k = 3, for any ¢ € [2n], in creating S,  (p,} from Sn_1x-1(T% pit /pi),
the redundancy point is chosen to be ¢; € T* — T (see Definition 3.22).
For any i € [2n], we have §f‘%27{pi} = {piq;} and §;2
of Stipulation (}) therefore,

iw} = {pip;}. As a consequence

|Sna27{pi}

~ | 0 if p; is the redundancy point
1 1 else.

Also, any element from S, 3 1p,} meets 1" in at least two points.
Other elementary properties of the sets S, ; are listed in the next lemma. The
significance of Stipulation () is explained by part (3).
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Lemma 4.3 For n > 2 we have
(la) Sprp =0 forallk > 1,
(1b) Sniqpy = {pi} foralli=1,2,...,2n,

(2a) Snopy = {Wis@)v} for alli € 2n]\ {I}, and S, 2,5y = 0, where p; is the

redundancy point,

(2b) Sn2tpiwst = {Pispj)v}, for all ti. I ={p; p;}.
(3) Sppsr =0 for all t.i. I CT with |I| <2 and all k > 3.

Part (1a) says that all elements of S, meet 7', and by part (3) if £ > 3, then they
meet 1" in at least two points.

Proof (la): For k = 1 this is because S,; = T. For k > 2 this is because, for all
i=1,2,...,2 and all KE‘SA'T"LJC we have p; € K.

(1b,2a,2b): This follows immediately from the definitions.

(3): By part (1a), we only need to show that S, ; = 0 for £ > 3 and |I| = 1.
Let p; € T, for some i = 1,2,...,2n and let I = {p;} so that I — {p;} = 0. Then,
by definition §f1 rr = 0 if and only if

Snfl,kfl,@(TiapiL/pi) = @ = Snfl,kfl,{qz'}(TiapiL/pi)‘

By (1a), the first equality always holds.
For k = 3, also the second equality holds by Stipulation () and for k£ > 3 the
equality follows by induction on k. OJ

Example 4.4 Letn =4 and let |F| > 3 of characteristic not 2. Then for k = 1,2,3
we describe the set S,, j, explicitly. Firstlet T = T'(4, —1) = {p1, p2, 3, P4, D5, P6, D7, Ps }
be the standard hyperbolic 8-gon with ¢ = —1. On the standard hyperbolic basis
this means:

p1 = (e1), p3 = (ea), ps = (es), pr = (e4),
p2:<f1_f2>7 p4:<f2_f3>7 p6:<f3_f4>7 p8:<_f4_f1>‘

All indices below will be taken modulo 8.

The set Sy1: This is the set 7.
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The set Syo: This is the set

where ¢; = p;- N (pi_1,pis1). On the standard hyperbolic basis this means:

@ = (fi+ f2), @ = (e1+ea),
a3 = (1 — f3), qu=(e2+e3),
= (fo— fa), a6 = (es+eq),
g =(fs+f1), = (e1—eq).

Note that gg is not used in the construction of S;5. The set S, has 27 elements.

The set Sy3: We use the fact that Sy 3 = Lﬂ?ﬂ(wiﬂqgs A}L&{i’j}). These 3-spaces
are of the form P = (p;, pj, x), where (p;,z) € S32(1") and p; is the lowest labeled
point of P on T R

We describe Sy 3 by exhibiting t"Jz‘+1<j§8 8237{1.7” for each 1 <17 < 6. That is, we
first list the points of the hyperbolic 6-gon T%. Then we describe the set of elements
(pj,y) € S32(T") with i +1 < j < 8 so that (p;,p;,y) belongs to Sy3. In this
example only we'll call this set §t. By Stipulation T, one of these elements is (p;, x),
where z is the unique point on the isotropic line spanned by the neighbors of p; in
T" that is perpendicular to p;. One easily verifies that if neither of these neighbors
is g;, then = ¢;. Otherwise we call this point g;;.

We have T* = {ps, pa, 5. D6, p7, 1 } and qiz = (fa + f3), @17 = (fs + f2).

> <p37p6>, <p37 p7>, <p37 Q13>7
p4,p6>, <p47p7>, <p47Q1>, <p4,Q4>,
g

(

(
:9\1: §P5,P7 Ps:q1), (D5, 05),

(

p67q6>7

We have T2 = {pu4, ps, D6, P7, Ps, @2} and qag = (€1 + €3 + €3), gog = (€1 + €2 — €4).

> <P47p7>, <p47p8>, <]047QQ4>7
p5,p7>, <p57p8>, <p57QQ>7 <p5,Q5>,
), (Ps: q2)
), (pr.ar)

(

(
§2= EPG,PS D6, @2); (D6 G6),

(

P, 47

We have T% = {p57p6,p7,p8,p1,Q3} and ¢35 = <f1 - f4>-

33:{ (ps;p7)s (Ds,Ds), (Pssdss), (PesDs)s (Do, ), <p6,q6>7}
(p7,a3), (Ppr.q7), (s, a3);  (Ps; Gs) ‘
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We have T* = {p6>p7>p87p17p27 Q4} and qu6 = <€2 +e3+ €4>-

§4 = {<p67p8>a (pﬁ, Q46>7 (p7, C]4>7 (p% Q7>7 <p8a C]4>7 (ps, QS>}-

We have T° = {P77p8,p1,p2,p3,%} and g5y = <f1 + fz)-

S® = {{pr, qs7), (Ps, @s), (Ps, 4s) }-

We have T = {ps, p1,p2, p3, P4, @6} and ges = (1 — €3 — ey).

§6 = {(ps,C](js)}-

The set Sy3 has 14 +14+10+6+3 +1 =48 = (S) — (f) elements.

For ¢ = 3 this geometry has 918400 points and 11939200 lines. A computation
with the computer algebra package GAP shows that Sy3 generates the geometry
rather efficiently.

5 The set S, has size (2,?) — (;_”2).
In this section we count the elements in S, = S, x(T,V) as defined in Section 4.
Before we do so, we need some preparation.

Lemma 5.1 Let

C1 ni
Co no

c= , n= ,and A = g ,
Ck, ng

If
c = An, (5.1)
then
k k
REIETES 3
i=1 j=1
Proof We need to show that
vic = u'n, (5.2)

whereu’ = (1,1,...,1)and vt = (1,—-1,1,—1,...,(=1)¥1). In view of Equation 5.1
it suffices to show that
viA =1, (5.3)
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since multiplying this by n yields Equation 5.2. But the j-th entry of v'A is

(1 () =-@-y-n-1

i=1
We are done. O

We will count the elements in S, by grouping them into subsets S,, ;. ; where
I C T is an i-set generating a totally isotropic i-space. That is, I is a coclique in
the 2n-gon that is 7. Clearly we will need to know how many such i-cocliques T
possesses.

Lemma 5.2 (a) The number of cocliques of size i in a 2n-gon equals

2n (2n —1—1
7 7 —1 ’

(b) For any 1 < k, the number of k-sets in a 2n-set equals

k .
2n 2n 1(k\(2n—1—1
_ - _1 i+1 )
()= ()
Proof (a): Let A,,; be the number of I-subsets L of the m-set [m| = {1,2,...,m}
such that L contains no two consecutive elements. We will prove that

Ay = (m —ll + 1)'

Clearly A,,; is the number of ways to arrange [ black balls and m — [ white balls
in a sequence so that no two black balls touch. In every such sequence every black
ball, except possibly the last, is followed by at least one white ball. Viewing the
first [ — 1 black ball-white ball pairs and the last 1 black ball as separators for [ + 1
slots, we see that the number of desired sequences is equal to the number of ways
to distribute the remaining m — (2] — 1) white balls over [ 4 1 slots. Thus there are
really (m_@ll_l)H) = (m_llH) choices for L.

It now follows that the number of cocliques of size i in a 2n-gon containing a
given vertex equals Agy,_3;-1 = (2”,_ i_l). The result now follows.

1—1

(b): Fix a k-set Ky C [2n] with 1 & K. Let

¢ =L K) [ |I| =i,1 C Ko, |K| =k 1€ KC[2n],] € Ko— K},
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and
nj=H(L,K)||J|=j,JCKol|K|[=k1€KC][2n]J=K,— K}

One verifies that I\ (20— (i+1)
G = (z)( e )
nj = (kﬁj) (271;(—’?1))'

Note that Zle n; is the number of all k-sets K containing 1 since each such K
determines J (as in the definition of n;) uniquely. It now follows that

k
2n 2n
(k):?Ey”
j=1
Hence in order to prove part (b) we need

k k
D_ni= ()"
j=1 1

1=

and

This follows from Lemma 5.1 and the observation that
(]
. — ; (2) n;.

This, in turn, is not hard to see if we interpret (J) = |{I | |i| =i,I C J}| for the
j-set J. Clearly each of the pairs (I, K) counted by ¢; occurs exactly once since K
determines J (as in the definition of n;) uniquely. O

We shall now count the elements of S,, ;. Our inductive argument follows the
inductive definition of S, .

Proposition 5.3 (a) Forn >2 and k = 1,2 we have
2n 2n
N — — )
sl = (1) - (2)
(b) Fork >3 and any I CT with 1 <i=|I| <k we have

[Sngt| = (2(;:__;)) - (/3(_71;—”2>
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(¢) For k > 3 we have
2n 2n
- (2)-(7)

(Sl =2n =(7) - (%)

1 -1

Proof (a): Clearly

and
[Snal =2 vom—1 = (%) - (%)

We prove (b) and (c) by induction on k& > 3. Let us refer to the statement (b) for
fixed k as (b,k), and likewise for (c). We first show that (b, k)==(c, k): We claim

that
(Sok| = zk:(_l)m??n (2ni—_¢1— 1) ((2(:_—;)) B (:(_nz—_zz» | (5.4)

i=1
To this end, let

and

ny = {K, ) | 1] = K € Supd = KT
According to Lemma 5.2, the number of t.i. i-sets I C T is equal to

2_n 2n—1—1
1 1—1 '
Therefore, it follows from our assumption of (b), that
2n (2n —i—1 2(n —1) 2(n —1)
Ci = — . . - . .
7 1—1 k—1 k—1—2

By Lemma 4.3 (1a), for every K € S, we have K NT = J # (. Hence,

k
|Sn,k:| == Z nj.
7=1

Hence in order to prove our claim 5.4, we need

k

Z n; = Z(—l)”lci.

i=1
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This follows from Lemma 5.1 and the observation that
N

This, in turn, is not hard to see if we interpret (/) = |{I | |i| = i,I C J}| for the
j-set J. Clearly each of the pairs (I, K') counted by ¢; occurs exactly once since K
determines .J (as in the definition of n;) uniquely.

One verifies that

) -2

simply by writing (‘Z) = #lb), and cancelling what appears left and right. Recalling

that k£ > 3, this enables us to rewrite Equation 5.4 as

Sl = é_l)iﬂ (27” @ (%k__i : 1) = (k i 2) <2nk_—i 3 1> ) |

We split this as the difference of two sums in the obvious way and observe that in
the second sum the terms with ¢ > k — 2 are zero since (kf) = 0. Then, using
Lemma 5.2 part (b) we find that

2n 2n
as desired.

We now prove (b) by induction on k > 3. First note that the following equation
holds for I C T t.i. and any p, € I, where either k =3 and 1 <i=|I| <3ork >4
and 2 <i=|I| <k:

S oa@t ol = (00 - (2070) 69

For k = 3 and ¢ = 1 this is ensured by part (a). For £ = 3 and i = 2, Stipulation
(1) ensures that the redundancy point is ¢. ¢ I C T so that the set has size 2n — 4
rather than 2n — 5. For &k = 3 and 7 = 3 we have 1 on either side. For k£ > 4 this is
the induction hypothesis.
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To simplify notation, for J C T t.i. with 2 < |J| < k and p, € J, let

Sipe = |Snc1k—1,0-py (T, 07 /1)
Siprtar = |Sn-1h-1,0-{p30(a s (T 0y /0r)]-

We now prove that for J C T t.i. with 2 < |J| < k and any two points p,., ps € J,
we have

8J—py T SJ—prtqr = SJ—ps T SJ—pstqs (5.6)

That is, R N
’S:L,k:,J| = |SZkJ’ (5-7)

We prove this by induction on k — j, where j = |J|. For j = k we have
Sj_p, =1=s55_p and s;_p 15 =0=57_p 44

and we are done.
Now let 2 < j < k. We have

Z SH-p, t SH-p,+¢r = |gn—1,k—1,J—{pr}(Tr7p1jﬂ_/pr>| by Lemma 4.1,

JCH . ;
_ (Q(kn_—jj)) B (;(_”]__-7)2> by Equation 5.5,

where the sum is over those t.i. H satisfying / C H C T and |H| < k. In particular,

E : SH—p, + SH—p,+q- = E SH—ps T SH—ps+qs-
JCH JCH

Now Equation 5.6 follows since by induction

§ : SH—PT + SH—PT‘HIT = E : SH—PS + SH_Ps‘HIs'
JCH JCH

As a consequence, for any t.i. [ C T with 1 < |I| < k we have

|gn,k,l| = Z |Sn ke, | by Lemma 4.1
ICJCT t.1.
= sy by definition of S,
ICJCT t.1.
= Z |§;kj| for any p, € I by Equation 5.7
IcJcT t.i.
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Note for the latter equality, that this is automatic if |[I| = 1 and I = J so that
min J = r already. By definition of S the latter sum equals

> 1Skt (T 0 /0e)] + [Suctk-1a—yotey (T 0 /o)) (5.8)
ICJCT t.1.

Now in case 2 < |I| this is

=[St 41,15 (T 2 /p)] by definition of S

2(n — 1) 2(n —1) ,
= — E :
<k—i) ki 9 by Equation 5.5

In case |I| = 1, note that sum 5.8 is in fact a sum over all t.i. subsets of 7". Hence
it equals
!Sn—l,k—1(TT,prl/Pr)‘

2(n—1)\ [(2(n—1)
E—1 k—3 )
as desired. For k = 3 this follows from (a) and, for k& > 4 it follows from the

induction hypothesis together with the implication (b, k¥ — 1)==(c, k — 1). This
proves (b, k). By the first part of this proof, we then also have (c, k). O

which is equal to

6 The set S, generates I';.

Let V be a vector space of dimension 2n over a field F of odd characteristic. Let s
be a non-degenerate symplectic form on V. Fix a hyperbolic 2n-gon T' for V' and
let S, x(7T, V) be as defined in Section 4.

Lemma 6.1 Forn > 2, the set S,,1 generates I';y.

Proof Recall §,; = T and L = (py,pa)y. Using Proposition 3.20 it suffices to
prove that every point « on a line L of I'yy, with |[L NT| = 2 belongs to (T')r,.

We proceed by induction on n. Let n = 2. Let T = {p1, p2,p3,psa}. Clearly
the singular lines pips and popy belong to (T)r,. Among the points on these two
lines one finds the set of points on an apartment, a quadrangle in I'; and it is well-
known that such a set of points generates the geometry if Char(F) # 2 (compare
Theorem 2.1). In particular z € (T)r,.

Now let n > 2. Then L' = (p,y1, pnio)v satisfies L 1L L. Now p1, pa, Pni1, Pnt2
are the points of an apartment for the Sp,(F) polar space on (p1, P2, Pni1, Pnt2)v-
These points generate the Sp,(F) polar space. In particular all points on L, including

x, are in (p1, P2, Pnt 1, Pnt2)T, - -
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Lemma 6.2 Forn > 2, the set S, 2 generates I's.

Proof Let § = S,2 and let F be the set of S-full points of I';. Recall that a
hyperbolic basis for V' is a basis € = {e; g, ep; | i € [n]} such that, for I, J C [n], the
linear subspace

erg = <€i,®7€®,j | 1el,j e J>V

is totally isotropic if and only if I N J = 0.
We will prove that, for some hyperbolic basis £, the span (S)r, contains a set of
t.i. 2-spaces of the following form:

(1) All t.i. 2-spaces e;; with 1 <i# j <n,

(2) (n—1) linearly independent 2-spaces lying on a point e contained in a totally
isotropic n-space, where e € ep, 9, but e &€ e for any J C [n].

The main result in Blok [3] says that such a set generates I's and we are done.
An easy consequence is the following:

(A) If F contains a hyperbolic basis £ and a point e such that

s(e, eig) = 0 # s(e, epy)
forall =1,2,...,n, then § is a generating set for I's.

Namely, the equalities ensure that e belongs to the maximal t.i. subspace ey, ¢ and
the inequalities ensure that e & e, 90 N ei[n]_ ; = eyg for any @ # J C [n]. Hence, S
contains a generating set as in (1) and (2).

We first consider the case n = 2. Note that we have no t.i. 3-spaces. Let
H = {p1,p2)v. Then U = H* is a hyperbolic 2-space also. We claim that all points
on U U H are S-full. Namely, for any point v € U the t.i. 2-spaces p;u and pou are
in (S). Let e19 = p1, eg1 = p2, €3 = p1p3Npy € H, and e, € H — e3, and let e = ps.
Then, A holds and we are done.

We prove the cases n > 3 by induction on n. First, let n = 3. Let e;y = py,
€20 = P5 €91 = D2 €g2 = pa Setting H = (p1,pa, pa, ps) ", let e39 = p3 N H and let
egs € H —ezg. Finally, let e = p;. We claim that £ = {e; 9,9, | ¢ € [3]} together
with e is a set of S-full points as described in (A).

To this end, we first show that every point h € H, in particular esy and ey 3, is
S-full. Namely, since p1, p2, ps, ps are S-full, these points contain a t.i. 2-space on
h. Since, by Theorem 2.1 the points p, p2, ps, ps generate I'y((p1, p2, Pa, Pa)v ), the
point A is S-full. We only have to show that

s(e, €i,®) =0 # s(e, €®,z‘)

26



for all ¢+ = 1,2,3. But this is true by definition of 7" and by choice of e3y and ey 3.
Now let n > 4. Let T" = p1,p2, - . -, Pan—3, Gon—1. Lhis is a hyperbolic (2n—2)-gon
for U = (T")y. Let H = U*+. Clearly U is non-degenerate of dimension 2n — 2 and
H is a hyperbolic 2-space. We can take ¢o,_1 as the redundancy point for 7" and so,
by induction, the t.i. 2-spaces of S on the points of 7" generate I';(U). In particular,
all t.i. 2-spaces on go,_1 contained in U are in (S)r,. In addition, the t.i. 2-spaces

(qan—1, P2n—1)v and (qon—1, P2n—2)v = (Pan—2, Pan)v are in S. It follows that go,—; is
S-full also.

We now show that each point h € H is S-full. Namely, for each of the points
p € T’ the t.i. 2-space (p, h)y belongs to (S)r,. Since 7" generates I';(U) and
n > 2 we find that h is S-full. Combining this with the earlier proved fact that
I'9(U) C (S)r,, it follows that all points of U are S-full, also.

Let € = pa, 0. Ase € U and e [ po,_3 also e & H. It follows that in U we can
choose a hyperbolic basis £(U) = {e;g, €9, | ¢ € [n — 1]} such that

5(6, ei,@) = 0 7& 5(67 e@,i)

for all i € [n — 1]. In addition, let e,y = e* N H and let ey, € H — e*. Now
E=E(U)U{eng,epn} and e form an S-full set as in (A) and we are done. O

Proposition 6.3
Forn > 2, and k > 1 we have

() [Surl = (0) = (7).
(b) S,k generates I'y.

Forn,k >3 and any t.i. I CT with 1 <i=|I| <k, we have
(©) [Snptl = C¢70) = (G79)

(d) Spxr generates I'(I).

In the proof we will use the following notation.
Snis =10 K')v | K € Svor gy (T, 07 /pi)}
We note that using Lemma 4.1, one verifies that §n7k’1 = Wrcser gfﬂw

Proof Part (a) and (c) follow immediately from Proposition 5.3, but we include
them here for convenience.

Let us refer to statement (b) for fixed k and arbitrary n > k as (b, k). We'll do
likewise for statement (d).
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We first prove (b, k) by induction on k > 1. For k = 1,2, this is Lemma 6.1 and
Lemma 6.2.

We now prove (b, k) for k > 3 assuming (d, k) holds. Call § = S, and let F
be the set of S-full points of I';. Using Proposition 3.20 we must prove

(1) F contains a hyperbolic 2n-gon T,

(2) given a hyperbolic 2n-gon 7" C F and a line L of I'yy, with [LNT"| = 2, then
every point x on L belongs to F.

Namely, taking |I| =1 in (d, k) we find that 7' C F and so (1) holds.

We now prove (2) by induction on n—k with n > k. Let 7" = {p1,pa, ..., pan} C
F be a hyperbolic 2n-gon and let H be a line of I'yy, with HNT" = {p1, po} and let
x € H be an arbitrary point. We will show that x is S-full as well.

To this end, let W = H*. Note that, since p; and p, are S-full, all t.i. k-spaces
on p; or py and meeting W in a (k — 1)-space K’ are in (S)r, .

Case n = k: In this case, the collection of t.i. k-spaces on K’ forms a line of I’y
and it follows that the k-space (z, K')y also lies in (S)r,. Thus z is S-full and we
are done.

Case 3 < k <mn: Let T\, = H-NT' = {p4,ps,...,pan—1}. This can be com-
pleted to a hyperbolic 2(n — 1)-gon Ty, by adding two points r; and 7 that are
collinear in I'yy,. Consider the set S,_1 (T, W). By induction on n, this is a
generating set for I'y(W). Since k > 3, if follows from Lemma 4.3 that all elements
of §,—1x(Tyy, W) meet T7 , in at least one point. Since all points of 77, are S-full,
we have S,_1 x(Ty,, W) C (S)r,.

At this point we make the following observation: For a set S(W) of points in
I'x(W) we have

SOV ) € (S.SW)hr,. (6.1)

This is self-evident, except if the lines of the geometry I'y(1W') are not lines of Ty,
that is, if K = n — 1. However, in that case, let K3 and K, be collinear points of
['x(W). Then K3 = (s3, L)y < W and Ky = (s4, L)y < W for some (k — 1)-space L
and certain t.i. 1-spaces s3, s4 € W. Note that also Ky = (p;, L)y and Ky = (py, L)y
are t.i. k-spaces in (S)r,. Now ['y(L) = I'y(L*/L) is isomorphic to Sp,(F) and is
generated by pi, pa, S3, S4 since (p1,pe)y and (sg, s4)y are orthogonal hyperbolic 2-
spaces. As a consequence, for any t.i. 1-space s < (s3,84)y the t.i. k-space (s, L)y
is in (S, S(W))r,, as desired.

Now applying (d, k) we see that S,_1x (T3, W) (i = 1,2) generates I'y(r;)
in I'y(W). That is, ry and 7y are S,,—1 x(1};,, W)-full in 'y (W) and by Equation 6.1
all t.i. k-spaces of W on ry are in (S)r,. In turn, since all points of T}, are
Spn—1.k(T},, W)-full, again using Equation 6.1 we find that all t.i. k-spaces of I'y (V)
belong to (S)r, .
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Now consider an arbitrary k-space K on x. Then K N'W is a (k — 1)-space
L. Then by the previous, all t.i. k-spaces on L, both those in W and those on p;
and py are in (S)r,. We find that these t.i. k-spaces generate I'y(L) = T'y(L*/L).
In particular (z, L)y € (S)r,. This completes the proof of (2) and establishes (d,
k)=(b, k).

We will now prove (d, k) by induction on k£ > 3. When considering case k = 3,
we keep in mind that (d, 1) holds for any / and that (d, 2) holds for all I # {p},
where p is the redundancy point. When considering case k > 4, we assume that (d,
k — 1) holds by induction. Since we proved that (b, 2) holds and that (d, k£ — 1)
implies (b, k — 1) for k > 4, in all cases k > 3 we may assume that (b, £ — 1) holds
as well, that is, S, x—1 generates I';_;.

Note that, for I C T t.i. with 2 < |I| < k and any p, € I we have

(Sn-1h-11-pp(T", p7 /) = Tia (I = {p; }) (6.2)

For k = 3 this is ensured by (d, 2); Note that (d, 2) only fails if somehow I — {p,} =
{q}, where ¢ is the redundancy point of 7. This does not occur since by Stipulation
(1), ¢ = ¢ ¢ T and I C T. For k > 4 Equation 6.2 follows directly from the
induction hypothesis.

In order to apply induction it will be necessary to show that, for any p, € I,

or Smin J

< L’H n,k,J> = < L"j Sn,k,J> (6-3)
1cJcT t.i. and |J|<k I1cJcT t.i. and |J)<k

We now prove Equation 6.3 by induction on ¢ = |I|. Clearly the statement is

true for i = k since then left and right we have only one element, namely (I)y. Now
assume that the statement is true for i + 1,7+ 2,..., k. That is,

or _ Qmin J
< Lﬂ n,k,J> - < L-ij Sn,k,]>
1cJcr t.i. and |J|<k 1cJct t.i. and |J|<k

Notice that lifting Equation 6.2 to 'y tells us that for any p, € I, we have
(S rir = Ll (6.4)
Namely,

=

(Sppnirn = Pr & (Snctp—r1-py (T, 01 /pe)) by Ti(I) = Ty (I = {p})
=pr @I — {pr}) by Equation 6.2
=T(I) by Tk(I) 2 Ty 1(I — {p.})
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Then,

{ H‘J A;,k,ﬂ - <§n,k,l>rk

1cJcr t.i. and |J|<k

—min [

= (Sn,kﬂrk o Equation 6.4
SCE ©
rcJcr t.i. and |J|<k

= (St U I Sy
rcJcr t.i. and |J<k

_ /Qmin/ Qmin J : . .

= (Sppr U tI-J Sne.j) induction on i
rcJcr t.i. and |J|<k

= v Sed)

rcJcr t.i. and |J|<k

This proves Equation 6.3.
As a consequence, for any t.i. I C T with 1 < || < k we have

<§n,k,l>Fk = L‘H Sk J )Ty by Lemma 4.1
ICJCT t.1.
=( 1 S by definition of S,.,
IcJcT t.i.
= H—J §£7k7J>pk for any p, € I by Equation 6.3
ICJCT t.1.

Note for the latter equality, that this is automatic if |[I| = 1 and I = J so that
min J = r already. By definition of S the latter span equals

<pr &K' | K" €[HS 1k 10ty (T7, 05 /1)) ¥ Sn—l,k—l,J—{pr}U{qr}(TT>P1+/PT)>
J

(6.5)
where the union is taken over all t.i. J with I C J C T.
Now in case 2 < |I| this is

(pr ® K'_| K' € gn,lyk,u,{pr}(T”,pf/pr))pk definition of S

= Pr © (Sn-rh-1.1-p} (T, 27 /D)1, Le(1) = Tpa (I = {pr})
=p, ® L1 (I —{p}) Equation 6.2 and 2 < |/|
—Ty() Lu() = T 1 (1~ {p})
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In case |I| = 1, that is, I = {p,}, note that the span 6.5 is in fact the span over all
t.1. subsets of T". Hence it equals

<pT e K’ | K' e Sn—l,k—l(pi/pr»rk
=p, @ <8n71,k*1(pi_/pT>>Fk—1(P1Jﬂ'/pT) since I'y(p,) = kal(p%/pr)

which, by (b, kK — 1) is equal to

Dr @ Fk—l(pr%/p’l‘) = Fk(pr)
as desired. This proves (d, k). O

7 Embeddings and the proof of the main theorem

Lemma 7.1 The geometry 'y has an embedding of dimension (2,?) — (,f_"2).

Proof The embedding is afforded by the Lie algebra module whose highest weight
is the k-th fundamental dominant weight. We will sketch the construction here.
For a more detailed description, see Blok [2]. The symplectic group G = Sp(V) is
the group of linear transformations of V' preserving s. Let [ = {1,2,...,n} and let
A ={e;, fi | i € I} be a hyperbolic basis/apartment for V. Furthermore, for i € I,
let ¢; = (e1,e2,...,€;), a t.i. i-space and consider the chamber ¢ = (¢y, ¢, ..., ¢p).
Now B = Stabg(c), N = Stabg(A) is a (B, N)-pair for G. Then (W, {r;};cr), where
W ={(r;|i€l)=2" Sym(n) and

Tyl € < € (1§2§n—1)
fi = fin

Tn: €n < fn

is the Coxeter system of type M = C,, associated to (B, N). For any J C I we
have a Coxeter subsystem (W; = (r; | j € J),{r;};es) of type M;. Using Bruhat
decomposition we may define the standard parabolic subgroup of type J as

Py = L—ﬂ BwB.

weW

Now I'y, can be presented as having the coset space G/P;_) as points and the set
9P, € G/ Py as lines, identifying gP, with {ghP;_(y | h € Py}

Let M = M(\x) be the Lie algebra module over F whose highest weight is the
fundamental weight A corresponding to the node k of the C,,-diagram (see Figure 1).
Then there is a natural action G — GL(M) for which the stabilizer of the highest
weight subspace (v*) is exactly P;_gy so that the mapping

gP — g(v*)
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injects the point-set of I'y, into the set of 1-spaces of M. Moreover, since P, = SLy(TF)
has a 2-dimensional submodule, ¢ sends the lines of I';, to full 2-spaces of M. Finally,
since M is a cyclic module by construction we have

() = M.

Thus ¢ is a full projective embedding. The module M has dimension (Zk”) — (kaz).
0

O—O0—0O -—---—---- RO=—¢
2

1

Figure 1: The Dynkin diagram of type C,

The embedding M (\x) is obtained as follows. Recall that Iy is obtained as the
geometry of t.i. k-subspaces of V' (of dimension 2n) with respect to the symplectic
form s. It is well-known that the map sending K +— A*K, where K C V is a
k-subspace yields an embedding of the projective k-grassmannian into P(A* V).
Consider the map

k k—2
0:\V — A\V
Ty ATy A - AT +— Z (=1)"Hs(xg, x) a1 Axg A=~ AT A+ ATj A Ay,
1<i<j<k

Then M (M) = ker . It is clear that a k-space in V' is in ker @ if and only if it is
totally isotropic with respect to s. Thus, the 1-spaces generated by pure vectors in
ker 6 correspond bijectively to the t.i. k-spaces in V' and I'j, has ker 6 as a projective
embedding.

Proof (of Theorem 1). Let as before I'y, denote the grassmannian of totally isotropic
k-spaces of a vector space of dimension 2n with respect to a non-degenerate sym-
plectic form. In Proposition 6.3 we found a generating set S, for I'y of size
(25) — (;_”2). By Lemma 7.1 I'y has an embedding W of dimension (25) — (;_”2).
Since dim(W) < |S| for any embedding W and generating set S we are done. [
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