SPANNING POINT-LINE GEOMETRIES IN
BUILDINGS OF SPHERICAL TYPE

Rieuwert J. Blok Andries E. Brouwer

We consider the point-line geometries that arise as a shadow space in a spher-
ical building with a diagram of type A,,, B,, C,, D,, or E,, and determine in
which cases the geometry is spanned by the set of points on an apartment. It
turns out that this happens precisely in the cases corresponding to a minimal
weight.

1 INTRODUCTION

In this paper, M denotes a Dynkin diagram defined over an index set [
and (W, {r;}icr) will be the associated Coxeter system. The diagram M is
called simply-laced if it has only single bonds. For any subset J C I, M;
denotes the subdiagram of M defined over J and W; will be the subgroup
of W having generator set {r;};c;. The pair (W, {r;}ics) then is a Coxeter
system with diagram M.

Let X be a building of type M, i.e. X is a chamber system over I such
that each rank-one residue contains at least two chambers, and having a
W-valued distance-function

0: XxX—W,

such that 6(z,y) = ry if and only if there exists a gallery of reduced type f
with endpoints z and y respectively. We mention that the set W together
with the distance function defined by §(z,y) = x~ 'y for all z,y € W is a
building. Note that, in this case, if §(x,y) =1 ---1, (i; € [, 0 < j < k),
then (z,zr;y, ..., a1 -1, =y) is a gallery from z to y.



An apartment of X is a subset of X which is J-isometric to W. The
collection of all apartments of X is denoted by A.

If we identify an apartment with W then left multiplication by an element
from W induces a d-isometry of the apartment onto itself. Let » € W be a
reflection, i.e. a conjugate r;" (w € W) of some generator r;. Then, there is
a unique partition a Ll § of W such that ra = 3, and for any two chambers
r € a, y € W and for any expression §(x,y) = r;, ---r;,, the number of
elements j (1 < j < k) such that §(z,rz) = ry,"5-1""" is odd if and only if
y € B (In particular, §(z,rz) € Wiy" for some i € I). The elements of such
a partition are called roots and we denote the collection of all roots in X by
R.

Two subsets of X will be called incident if their intersection is non-empty.

The residue of type J, or J-residue, on a chamber x € X is the inverse
image of W; under the mapping §(z,-) : X — W. This is a building of type
M. The rank of a J-residue is the number |J|. We will call a residue of type
I—{j} (j € I) an object of type j. The set of objects incident with a subset
Y C X is denoted by obj(Y).

A point-line geometry is a triple (P, L,*) in which P and L are sets
whose elements are called ‘points’ and ‘lines’ respectively and in which % is
a symmetric relation between the elements of P and L, called the incidence
relation. A point p and a line [ for which pxl are called incident. For a point
set C, we let C* be set of points collinear with each of its elements.

A subspace of a point-line geometry (P, L, *) is a triple (P’, L', +") such
that P' C P, ' C L and «’ is the restriction of x to P’ and L', satisfying the
following requirements: If p € P is incident with a line in L, then p € P’ and
if | € L is incident with at least two points in P, thenl € L'. If G = (P, L, )
is a point-line geometry and S is a subset of P, then the smallest subspace
of G containing S will be denoted by (S),. If (S)g = G, then S is said to
span G.

Fix ig € I and let I° = {j : my;,; > 3}. Then, X(40) is the point-line
geometry (P, L,*), where P and L are the sets of residues in X of type
I — {ip} and I — I° respectively, and « is induced by the incidence relation
for subsets of X.

If Y is a subset of X, then the set of points that are incident with Y is
denoted by P(Y"). For a subset T' C A moreover, we let P(T) := |J 4.1 P(A).
Given a diagram M and a node with label 7, let M; denote M with designated
node 7, and let M? denote the connected component of M, containing :.



The aim of this paper is, to characterize by their diagram and the label
ip those buildings X for which X (i) is spanned by the set of points on an
apartment among all thick spherical buildings with a diagram of type A,,
B,, C,, D, or E,. In Section 2 we will give conditions on the diagram and
the label 7o such that X (ig) is spanned by the points on an apartment, using
the connectedness of a certain graph on A and a special decomposition of
the conjugacy classes of the generators of the Coxeter group. This part does
not, except possibly for the cases B,, and C,,, assume thickness. In Section 3
we will prove, using the embedding of X (io) into a Lie algebra module, that
the conditions given in Section 2 are in fact sufficient. This is summarized
in the following theorem.



Theorem 1 Suppose X is a (spherical) building with a diagram M of type
A,, D,, E,, B, or C,. If M is of type B,, or C,,, assume moreover that X is
obtained from the group Ogy1(F) or Spo,(F) respectively, with Char(F) # 2.
Then (P(A)) x (i) = X (io) for any apartment A in X if and only if M3 is of
one of the following types *:

1) Ani, with iy € {1,2,...,n}, and n € N5y,
2) Dn1, Dyy1, Dy withn € Nxg,

3) Es1, Esg, Err,

4) By with n € Nxo,

5) Cp1 with n € Nso.

Finally, in Section 4, we will show in a geometric way why rank-two geome-
tries of type D, ;, with n > 4 and 2 < ¢y < n — 2 are not spanned by the
points on an apartment.

Remark:
The main result of Cooperstein and Shult in [4] is rather similar to THEO-

REM 1 and THEOREM 2 (Section 2), but was shown using a somewhat lengthy
case-by-case analysis. In their paper, they define a frame of a geometry to be
a subset of the point set that spans the geometry and is independent for some
projective embedding. They show that apartments are frames in precisely
the cases discussed here.

2 SPANNING APARTMENTS

First, we state the main result of this section.

Theorem 2 Suppose X is a spherical building with a diagram M. Let ig be
a node of M. Then, (P(A))xq, = X (i) for any apartment A in X if M3
1s of one of the following types:

1) A, with iy € {1,2,...,n} and n € N5y,

!The nodes in the diagrams are labeled as in [3] Ch. 6 §4.




2) Dn,l; Dn,n—h Dn,n with n € NZS;
3) E6,17 E6,6; E7,7;

4) Bpn with n € Nso, provided that its rank-two residues of type Ba s as
a building are spanned by the points on an apartment 2.

5) Cpa, with n € Nso, provided that its rank-two residues of type Ca1 as
a building are spanned by the points on an apartment 3.

We have

Lemma 2.1 Suppose X is a spherical building with a diagram M. Let i
be a node of M. Then, for any apartment B in X and any pair o, 3 of
roots with B = aU 3 we have P(B) C U,coia) Pla) if M3, is of one of the
following types:

1) A, withig € {1,2,...,n} and n € N5y,
2) Dp1, Dyy1, Dy, withn € Nxg,
3) Ee1, Esg, Erg,
4) Bpnn with n € N>g
and P(B) C Ua@bj(a) Pla)U Upep(a)mp(ﬁ) ptoif M is of type

5) Cp1 withn > 2.

Proof:

Let r be the reflection interchanging « and 3. Clearly, P(B) = P(a) UP(S)
and P(a) € U,eonj) P(@). Now choose any p € P(3) and assume that
x € (3 is a chamber on p. If §(z,rz) € W;V-to} (J C I), then p contains
a chamber y such that 6(y,ry) € W;. For any i € I — J, ry and y are in a
common object of type i. Clearly, this object is incident with a and p, and
30 P € Uyeonj() Pla). It 0(z, rz) € W;Wi-tio}0 (J C I), then the chamber
xry lies on a point collinear with p and as 6(xr;,, rory,) € Wi_giyy, this point
lies both on v and on (.

2This holds, for instance, for the buildings obtained from Os,, 11 (F) with Char(F) # 2.
3This holds, for instance, for the buildings obtained from Spa, (F) with Char(F) # 2.




We note that {§(z,rz)|lx € 8} = U,c; WiV and that if S C I is the
index set of a connected simply-laced subdiagram of M then W{i}W = W{j}w
for all 7,7 € S. The lemma will follow from the fact that in the cases 1), 2)
and 3), we have

Wiy = JWin™-tor,

J€el

and in cases 4) and 5), we have

W{Vg—l = (Wenytm) Wimtm,
Wog? = {raror7os a1 < k<= 13U L1} and
W' =Wyt

Note that case 4) indeed follows from the equation above because W{VZ {_"1}} C
W, with J ={n —1,n} and as n > 3 we have I \ J # (). The computations
that establish the equations for cases 4) and 5) are slightly longer but oth-
erwise completely similar to the one needed to obtain the equation for cases
1), 2) and 3) and are therefore omitted.

We will prove the first equation using induction on |I|. For |I| = 1 the
equality evidently holds. Now let [I] > 2. We will show that | J,, Wiy 'Vi-tiod,
which is invariant under conjugation by Wr_y;1, is also invariant under con-
jugation by r;, and is therefore equal to W{io}w. Since M is a forest, each
J € I°is in the index set of a different component of M;_y;y. Call this index
set I;. Using induction together with the fact that M is a forest, we find for
any [ € I;

(Wey™r=vo1) mo = (Wiiy™5) 70 = (User, Wiy 579 ) o = Useg, Wi ™00

and this is a subset of (J;; Wiy Vi=tio} since 7" = r; for i € I; — {j} and
rj"io = r;". It remains to consider the case [ = (. Since the Coxeter graphs
of type Mr_io}, 5.6} (With j, k& € I° not necessarily distinct) have diameter less
than or equal to 2 (cf. [1] §10.4.3), every element of W;_;;y has a product
representation containing at most two generators r; with j € I°. As the
group W with J = I — (I°U{io}) centralizes r;, and r;," = r;"o for j € I°,
we find

(Wey™r-00) 0 € (13 U g} 0 U ™0 ([ mtfornmats

jere j.kere



and since rpWorioTiToWs = p WoririoniWo = ¢ Wi—(137i70"iW7 e can use the

fact that r; centralizes Wy, in case j # k and induction otherwise to conclude
. Wi_gi . .

that V-7 Uigk r V=03 Tt follows that (W ! {0}) "io i contained

{io}
in U, Wegy'"-tor. O

Proof of Theorem 2:
We will use induction on |I|. If |I| < 2, then the statement can easily be

verified for cases 1), 2) and 3), whereas for cases 4) and 5), this is precisely the
assumption. The fact that the buildings obtained from Oy, (F) and Spa, (F)
with Char(IF) # 2, satisfy the conditions of case 4) and 5) respectively, follows
from Proposition 2 in [8].

Now let |i| > 3. Let p be any point in X (iy). Then, p is incident with
some apartment B of X. At this point, we note that the graph whose vertices
are the elements of A and in which two vertices are joined by an edge if and
only if the corresponding apartments contain a common root, is connected.
This follows from the fact that the automorphism group of X, generated by
the root groups U, (o € R), acts transitively on A. It therefore suffices; by
induction on the distance between A and B in the graph A, to show that, if
there exists an apartment C' € A with P(C) C (P(A)) x ;). that has a root
 in common with B, then also p € (P(A)) ¢, Suppose there is such an
apartment. Suppose that p is incident with some object Y on a. If p =Y,
we are done. If p # Y, then Y is a building with a diagram N for which N
is again of one of the types in the list above and C'NY is an apartment of
Y. Since each point (line) of Y'(iy) is contained in a unique point (line) of
X (i), the geometry Y (ig) is isomorphic to a subspace of X (ig) and we can
apply the induction hypothesis to finish the proof. Suppose that M7 has
type C, 1 and p is collinear with a point ¢ on P(C) N P(B). The point ¢ is
a building Y of type C,,_; over I — {1} and Y'(2) is the point-line geometry
of lines and planes on ¢q. Now use the A, -case to see that we may use the
induction hypothesis applied to Y'(2) to show that p € (P(A)). O

Remark:
A result very similar to LEMMA 2.1 can be found as Lemma 4.5 in Ronan

& Smith [7]. Instead of reducing the proof to a computation in the Weyl
group, these authors use a case-by-case analysis.



3 POINT-LINE GEOMETRIES THAT ARE
SPANNED BY THE POINTS ON AN APART-
MENT

In this section, except in the proof of THEOREM 1, we will assume that
1] > 3.

By an embedding of a point-line geometry I' into a projective space P(V'),
we will mean an injective mapping I' — P(V'), sending points to points and
lines to lines preserving incidence.

Let £ be the semisimple Lie algebra over C with root system ® of type
M. Let \;, be the minimal fundamental dominant weight corresponding to
the node of M with label iy and suppose V' = V();,) is the unique irreducible
g-module of highest weight \;, with maximal vector v™.

We construct a Chevalley group G over a field F together with a G-module
V' from this representation (see [5] §§25/27). Choose a minimal admissible
lattice L in V' and put V' = L ®z F. Suppose that ({h;}icr, {ta}aceo) is a
Chevalley basis for £ and that ¢ is the representation defining the action of
g on V. The Chevalley group G = Gy~ is the subgroup of GL(V’) generated
by all elements of the form z,(t) = expto(r,) (t € F, a € ®). An element

exptd(ia) = Do pop tie [i—%} inherits its action on V' from the action of 4z on

L. (Here, the [Q} are elements of a Z-form 4z of the universal enveloping

k!
algebra of £.)

Since G has a (B, N)-pair (see e.g. [9] §3.), there exists a building Ag
with diagram M whose chamber system can be identified with the collection
G/ B of left cosets of B. If M is simply-laced, then this is the unique (|I| > 3)
spherical building over F with diagram M, and if M = B, or C,, it is the
building obtained from Os,11(F) or Sps,(F) respectively. In the sequel, we
will identify X with Ag. The sets of points and lines of X (i) will then be
identified with the set G/ P of left cosets of the standard parabolic subgroup
P = P;_g;y and the collection of subsets P3P (9 € G) respectively.

Lemma 3.1 The mapping ¢ : G/P — P(V’) sending gP to the projective
point [gv™T] is an embedding such that (((G/P)) =P(V’).



Proof:
We will first prove that ( is well-defined and that it sends points to points

and lines to lines, preserving incidence. As G is a subgroup of GL(V’), it
suffices to consider the image of P and Pp P only. In order to determine
the action of the standard parabolic subgroups P and Py, on [v"], we will
first examine the action of an arbitrary minimal standard parabolic subgroup
Pyy (i € 1) on [vt]. Using the Levi decomposition of a standard parabolic
subgroup, we write Pp; = Ly X Upy, where Ly = (M, Ua;, U_q,) and
Uy = (Usla € & — {o;}). Here, U, denotes the root group of a root
a € & and H = NN B. Furthermore, as H normalizes each U,, we have
Lyy = (Ua,,U—_o,)H. By definition, [v"] is stabilized by B and hence in
particular by H and Uy;y which implies that in fact Py [v"] = (Ua,, U—qa,)[v7].

We now turn to the group (U,,,U_,,). Since U, = {z,(t)|t € F} (a €
®), this is in fact the Chevalley group of the Lie subalgebra | with basis
{bi 10, 1, }, acting on P(V’) by the restriction of ¢ to . Let S be the
irreducible -submodule of V' containing v*. This module has dimension
Aip(h;) + 1 because [ = sly. Since \;, is a fundamental weight, A\, (h;) < 1,
implying that S = F(U,,, U_,,)v". Looking again at the dimension of S we
find that P stabilizes [v"] and that P P[v"] is the set of all points on a
line. Thus, ( is well-defined and sends points to points and lines to lines. As
a line in G/P is a set of points, ¢ preserves incidence.

Injectivity of ¢ follows from the fact that the stabilizer Stabg([v™]) of [v],
by containing the maximal standard parabolic subgroup P, is itself standard
parabolic and hence must be equal to P. Finally, by the minimal choice of
the admissible lattice L, the FG-module V' is cyclic (see [5] §27.5), whence
the equality (((G/P)) = P(V’) follows. O

In the sequel, we will think of the Weyl group of Ag as the quotient W =2
N/H. We note that for w € W, the expressions wB, wP and ((wP) are
well-defined since H C B C P. Let A be the apartment of Ag with chamber
set {wB|w € W}, then, the set of points on this apartment equals WP.

Lemma 3.2 If W is the Weyl group of Ag, then (C((WP)) = P(V') if and
only if i, s a minimal weight.

Proof:
A point in ((WP) looks like [wv™] (w € W). Recall that the action of G,

hence also of W, on P(V"') is induced by the action of G on V', which in turn



was induced by the action of 4z on L. Suppose H is the set of weights of V'
and for 1o € ‘H, we denote by V), its weight space. Then L = @MGH(L NV,)
and therefore V' = €@, V;, where V; = (LNV,) ®z F. If F = C, then
V., =V, and for w € W and pu € H, we have wV, = V,, and in fact,
w(V,NL) =V, NL (we W) (see [5] §21.2) . From the preceding, it follows
that then also wV; =V, (w € W). By Proposition 6 in Ch. 8 §7 of [2],
H = WA\, if and only if A;, is a minimal weight. Since V), is spanned by
v only, VY= (v"). This proves the lemma. O

We note here that ((WP) is a set of [W : W;_g;y] independent points in
P(V"). We are ready to prove THEOREM 1.

Proof of Theorem 1:
The ‘if” part follows directly from THEOREM 2. We now prove the ‘only if’

part. For |I| < 2, we only need to show that if M is of type By or Cyy,
then X (ig) is not spanned by the points on an apartment but the natural
embedding of X (ig), in both cases being the O5(F) geometry, is 5-dimensional
and consequently X (7y) cannot be spanned by the 4 points that an apartment
has.

For |I| > 3, we may identify X with Ag. We may assume that A is
the apartment with chamber set {wB|w € W} because G is transitive on
the collection of apartments. Above, all diagrams of type A,, D,, E,, B,
and C, that have a minimal weight, together with the labels i for which the
fundamental dominant weight \;, is a minimal weight, are listed (see [2] Ch.8
§7 1). Hence, if Mg is not of one of the types listed in the theorem, then,
by the previous lemma, (((P(A))) is a proper subspace of P(V’), which by
LEMMA 3.1 equals (¢(X(i0))). Using LEMMA 3.1, we conclude that (P(A))
is a proper subspace of X (ig). O

4 AN EXAMPLE

In Section 2, we have seen that the geometry X(ig) is spanned by the set
of points on an apartment if M? is in a certain list. In this section, for a

4The notation here refers to the Dynkin diagrams of the dual of the root system.
For simply-laced diagrams, these diagrams are identical. Note however, that the Dynkin
diagram for the dual of the root system of type B, is of type C,.
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building X with diagram of type D,, with n > 4, we will give a geometric
argument showing why the set of points on an apartment in the geometry
X(ip) (2 <ig < mn —2) does not span the entire geometry.

Let V be a vector space of dimension 2n over a field F provided with a
non-degenerate quadratic form Q of maximal Witt index. For any subspace
U of V, let U+ denote the subspace that is orthogonal to U with respect
to the symmetric bilinear form associated to ©. We will call two subspaces
U, W of V of the same dimension partially orthogonal if U N W+ # 0, or,
equivalently, U+ NW # 0.

The building X will be the incidence geometry whose objects are the
totally singular (abbreviated: t.s.) subspaces of V' of dimension different
from n — 1. There are two types of t.s. n-spaces, two t.s. n-spaces having
the same type if their intersection has even codimension in both. Incidence
is defined by inclusion with the exception that two t.s. n-spaces of different
type are called incident if their intersection has codimension one in both.
The building X has diagram D,, and all buildings of type D,, arise in this
way (see [10] and [6]).

Let I =1, 1,...,n, n} and let": I — I be the involution interchanging
i and i. We can choose a basis B = {e;, ;|1 < i < n} of V such that
Q(x) = z1x1 + - -+ + xpx, with respect to B. For any k-set S C I let Eg
denote the k-space (e;|i € S). The collection of t.s. subspaces of dimension
different from n — 1 that are spanned by subsets of B is an apartment of
X. Call this apartment A. The chambers on A can be identified with the
ordered sequences (i1,...,i,—1) for which Ey, ;. 3 isat.s. (n — 1)-space.

Fix 19 with 2 < iy < n — 2 so that 75 does not correspond to an end node
of the diagram of X. The point-line geometry X (ig) = (P, £, ) is obtained
by taking for P the set of t.s. ig-spaces of V, for £ the set of pairs (P, M)
where M is a t.s. (ig + 1)-space in V and P is a t.s. (ip — 1)-space in M, and
stipulating that for L € P, Lx(P, M) whenever P C L C M.

Proposition 4.1 i) Let H be any ig-space in V. Then the set Py of t.s.

19-spaces that are partially orthogonal to H is a proper hyperplane of
X (ip)-

it) Let H be the collection of ig-sets in I that contain at least one of the
subsets

{i,i} (1 <i<mn). Then, (P(A))x(i0) € Nsen Pos-

Proof:

11



i) Let (P, M) € £. We show that Py contains either one or all t.s. ip-spaces

incident with (P, M). If PN H* # 0 we are done. If PN H*+ = 0, then, since
codimy;(P) = 2 and dim(M N H*) > 1, either one or all lines incident with
(P, M) are in P+ (M N H™).

We will now prove that Py is a proper hyperplane. Since the automor-

phism group of X is transitive on the collection A of apartments in X, we
may assume that H = FEg for some ip-set S C I. We have V = Fy ¢+
Es ¢+ Eg g+ E; (5,5 Let J C {l,...,n} be such that {{j,j}j € J}
is a partition of SN S. Since iy < n we can find distinct k;j (7 € J) such
that {k;,k;} € I —(SUS). For j € J, choose u; € (ej,ex;) — {ej, ex; } and
u; € (e, ek;j> —{ej, ek}_} such that U; = (uj,u;) is a t.s. 2-space. As the k;
(j € J) are distinct, also U" = > ._;U; is a t.s. subspace. We note that
E505+E1_(5U§) = U/+EI—(SU§)‘ Let U be the t.s. ig-space U'+ Eg_g. Then
U+H = U/+ES—S+ES—S+EI—(SUS) = ESOS‘+ES'—S+ES—S'+EI—(SUS) =V
and since dim(U) = codimy (H*) we have U N H+ = 0. This shows that U
is a t.s. ip-space which is not in Pyg.
ii) Let Ep € P(A) be any t.s. ig-space. Then for any S € H there is
at least one j € T such that j € {i,7} and SN {i,i} = 0. It follows
that Er;; € Er N Eg. This shows that P(A) is contained in the subspace
mSEH Prs- U

By exhibiting a proper subspace of X (iy) that contains P(A), we have
shown explicitly why P(A) cannot span the geometry X (ip). We expect that
equality holds in i) and hope to come back to this later.

ACKNOWLEDGEMENT
We would like to thank A. M. Cohen for useful suggestions regarding Section

3.

References

[1] BROUWER, A.E., CoHEN, A.M. AND NEUMAIER, A.:. Distance-
reqular graphs, Frgebnisse der Mathematik und ihrer Grenzgebiete 3, 18,
Springer, Berlin, 1989.

[2] BOURBAKI, N.: Groupes et algébres de Lie, Chapitres 7 et 8, Diffusion
C.C.L.S., Paris, 1975.

12



[3] BOURBAKI, N.: Groupes et algébres de Lie, Chapitres 4, 5 et 6, Masson,
Paris, 1981.

[4] COOPERSTEIN, B.N. AND SHuLT, E.E.: ‘Frames of Lie incidence ge-
ometries’, preprint.

[5] HuMPHREYS, J.E.: Introduction to Lie algebras and representation the-
ory, Graduate Texts in Math. 9, Springer, New York, 1972.

6] RONAN, M.A.: Lectures on Buildings, Perspectives in Math. 7, Aca-
demic Press, Boston, New York, 1989.

[7] RoNAN, M.A. AND SMITH, S.D.: ‘Sheaves on buildings and modular
representations of Chevalley groups’, J. Algebra 96(1985), 319-346.

[8] SHuULT, E.E. AND THAS, J.A.: ‘Hyperplanes of dual polar spaces and
the spin module’, Arch. Math. 59(1992), 610-23.

[9] STEINBERG, R.: Lectures on Chevalley groups, Yale Lecture Notes, Yale
University Press, 1967.

[10] TrTs, J.: Buildings of spherical type and finite BN-pairs, Lecture Notes
in Math. 386, Springer, Berlin, 1986.

R. J. Blok A. E. Brouwer

Dept. of Pure Mathematics Dept. of Mathematics
Delft University of Technology Techn. Univ. Eindhoven
P.O. Box 5031 P.O. Box 512

2600 GA Delft 5600 MB Eindhoven
The Netherlands The Netherlands

e-mail to: blok@twi.tudelft.nl e-mail to: aecb@cwi.nl

13



