7 The Chain Rule
L >

> with(linalg):

War ni ng, new definition for norm

L Warning, new definition for trace

" If f isan unassigned letter, Maple treats it as an arbitrary constant (possible complex valued). If fisan
unassigned letter, the notation f(X,y,z) isan arbitrary value that dependson x, y, and z. In thisway we
can regard f as afunction, and f(X,y,z) (an expression) which represents the value of the function at x,
y, and z. To represent an arbitrary vector valued function we need to impose a little more structure.

r> f:=map(unapply, vector ([f1(x,y,2z),f2(x,y,2),f3(x,y,2)]),X,VY,2);

| f.=[f1, f2, f3]

r> f(x,y,2);

I [f1(x Y, 2), f2(xy, 2), f3(x, ¥, 2)]

r Th((:ie choice of lettersis of no concern in our definition of f, so we could regard f as afunction of u, v,

L and w.

r>f(u,v,w;

| [f1(u, v, w), f2(u, v, w), f3(u, v, w)]

| do not wish to pursue this matter any further, but at least now you have some ideas on how to create
an arbitrary vector valued function, if you ever need to create one.

[ Defineg:R?->R*and f:R®->R® by

> g:=map(unapply, vector ([ x*2-y~2, 5*x*y-8, 4*x-3*y] ), X,VY);
f:=map(unappl y, vector ([u*v*w, 2* u+3*v+4*w,
8*exp(2*u+vr2-2*wW)]), u, v, w;

g:=[(Xy)® X- ¥* (X y)® 5xy- 8 (X y)® 4x- 3y]
2

f::[(U,V,W)® UVW,(U,V,W)® ZU+3V+4W,(U,V,W)® 8e(2u+v - 2w)

L ]
> ul:=g[1] (x,y); vii=g[2](x,y);wl: =g[3](Xx,Y);

ul:=x?- y?
vli:=5xy- 8
wl:=4x- 3y

r> fg:=f(ul, vi, wl);
fg:=[(- y*) (5xy- 8) (4x- 3y),2X*- 2y’ +15xy- 24+16X- 12y,

(2x2- 2y2+(5xy- 8)2- 8x+6Yy)
8e ]

- We compute the derivative of fg at (x,y)=(2,1) and compare it to the answer we get by using the Chain
Rule.

> Df g: =j acobi an(fg,[Xx,Y]);

Dfg :=
[2x(5xy- 8)(4x- 3y)+5(- y*)y(4x- By)+4(xX*- y*) (5xy- 8),
-2y(5xy- 8) (4x- 3y) +5(x*- y¥*) x(4x- 3y)- 3(X*- ¥*) (5xy- 8)]
[4x+15y+16,-4y+15x- 12]

2_ 524 a2 +
[8(4x+10(5xy- 8)y- 8)e " =V Oy A ere

- 2y2+ - 8)2. gx+
8(-4y+10(5xy- 8)x+6)e 27 W BN
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> Df g0: =subs(x=2, y=1, eval n{(Df g) ) ;

2139 112
ng() = g 39 14

60€” 336 €’
r > Df g0: =sinplify(Dfg0);
2139 112y
Dfg0 := §]l39 14
60 336
Using the Chain Rule.

> Df:=j acobian(f(u,v,w,[u,v,w);

VW uw uv
Df := 2 3 4 :
(2u+\/2-2w) (2U+V2-2W) (2U+"2'2W)
6e 16ve -16e U

8 S 6 ¢

> 9(2,1);
[3,2,5]
> Df 0: =subs(u=3, v=2, w=5, eval n( Df ) ) ;

2 10 15 6 U
6 32&° -16€°

410 15 6
Dfo:=§2 3 4§

> DfO:=sinplify(DfO);

6 32 -16f

T > Dg: =j acobi an(g(x,y),[x,y]);

D% -2V
Dg=gy SXyE
4 -

- > Dg0: =subs(x=2, y=1, eval m(Dg) ) ;
s
DgO::§ 1OE
-3

2139 112y
eq:=Dfg0=¢g 39 14
60 3360

2139 112y
39 14
60 3360

r> multiply(DfO, DgO0);

r > eval m( Df g0) ;

" Notice that Maple can use the Chain Rule in amore direct way, without forming matrix derivatives.
We did problem 6 in class on Tuesday. With Maple:
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[> restart:

r> z:=f(x+y, X-y);

7 z:=f(x+y,x-y)

r> zx:=diff(z,x);zy:=diff(z,y);

2x:= Dy(f)(x +y, x- y) + Do(f)(x+Y, X- y)

I zy = Dy(f)(X+Y, X~ y) - Do(f)(X+Y, X- )

[ > zXzy:=zX*zy;

I zxzy = (Da(F)(x +y, X- y) + DoAf)(x +y, X- y)) (Da(F)(x+Yy, X- y) - DoA(f)(X+Y,X-Y))
[ > ' zxzy' =expand(zxzy);

L zxzy = Dy(f) (X +Y, X~ y)?- Dy(f)(x+y, x- y)?

" Noticetherole of the single quotes. They postpone evaluation. Try the same line without the
L single quotes.

r >

Implicit differentiation. If f:R"*P) >R, say f=(f, f,, ... f,) , and X=(xy, X, - - - Xy p) then an
equation of the form f(x)=0=(0, 0,0, . . . ,0), the 0-vector in R" represents a system of n equationsin
N+p UNKNOWNS X3, X2 ,. . . Xn+p - INtUItively we think that we treat n of the x's as unknowns and think of
this as a system of n equations in n unknowns, we should be able so solve for the unknowns in terms
of theremaining x's. It would be hard (usually impossible) to actually find the formulas for the
solutions for all but the most trivial systems. Nevertheless, we can still find the partial derivatives of
the solutions by implicit differentiation.

Suppose we look at the system f1(x,y,2)=0, f2(x,y,z)=0. Intuitively we think that if wetreat x, and y

d d

as unknowns we should be able to solve the system to get x=g(z), and y=h(z). We compute i i

[ > restart;

> eql:=f1(g(z), h(z), z)=0;

L eql :=f1(g(z), h(z),z) =0
r> deql:=diff(eql, z);

deql :=

DA(L)(9(2), h(2), 2) i 0(2) 2+ DA11)(0(2), h(2), 2) i h(2) 5+ Da(T1)(9(2), h(2), 2) =0

~ 1 won't finish the problem, but now that we have aderivative, it helps a great deal to get rid of this
clumsy notation for aderivative. Watch:

- > deqll: =subs(diff(g(z),z)=dgz, di ff(h(z),z)=dhz, deql);

I deql1l := D4(f1)(9(2), h(z), z) dgz + D(f1)(9(2), h(z), z) dhz + D5(f1)(9(2), h(z),z) =0

" Thistechnique can be used on abstract systems of equations, or they could be used in the same way on
actual systems obtained by specifying formulas for f1 and f2. Try finishing this problem before you go

L on to the assigned Maple problems.
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